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TEMPERATURE DEPENDENCE OF THE PURE NUCLEAR 
QUADRUPOLE RESONANCE FREQUENCY IN KCIO;} 


J. VANIER 


ABSTRACT 
The resonant frequency of the Cl* nuclear quadrupole in KCIO; has been 
measured as a function of temperature in the range 15° K to 77° K; previous 
work between 77° K and room temperature has been confirmed. Comparison 
has been made with Bayer’s theory based on lattice vibrations and agreement 
is excellent. The ratio of the quadrupole coupling constant eQgss of the two 
isotopes (Cl* and Cl*’) has been measured at room and liquid air temperatures; 
significant changes have been observed in the measurements. Finally the possi- 
bility of using this temperature dependence as the basis of a sensitive thermo- 
meter has been studied; the accuracy of such a thermometer would be +0.005° K 
at 60° K and +0.05° K at 20° K. 
INTRODUCTION 
The theory of the temperature dependence of the nuclear quadrupole 
resonance frequency in solids was first given by Bayer (1951) and later 
generalized by Kushida (1955). It was found, however, that agreement between 
this theory and experiment was not exact. In a recent publication, Kushida, 
Benedek, and Bloembergen (1956) have shown that the disagreement was 
mainly due to the failure of the theory to account for the thermal expansion 
of the lattice as the temperature increased. At low temperatures such as those 
employed in this research, Bayer’s theory should agree with experiment. 
Dean and Pound (1952) have suggested the idea that nuclear quadrupole 
resonance could be used as the basis of a sensitive thermometer. A first investi- 
gation of this possibility was made by Benedek and Kushida (1957); their 
measurements on a sample of potassium chlorate extended from 350° K to 
7 
The present work is a study of the temperature dependence of the pure 
nuclear quadrupole resonance frequency in KCIO; at temperatures below 
77° K. An investigation of the possibility of using the phenomena as the basis 
of a sensitive thermometer at low temperatures is also studied. 


EXPERIMENTAL 
The spectrometer used was of the Pound—Knight-Watkins type (1952), 
followed by a phase sensitive detector and a recorder. For maximum frequency 
stability the chassis of the marginal oscillator was made of 3-in. brass plate. 


1Manuscript received July 7, 1960. 
Contribution from the Eaton Electronics Research Laboratory, Department of Physics, 


McGill University, Montreal 2, Que. 
Can. J. Phys. Vol. 38 (1960) 
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The filament current was supplied by a 6-v d-c. accumulator and a charger 
was always clipped across its terminals. For the B+ a regulated power supply 
preceded by a Sorensen line voltage regulator was used. The r-f. coil (2cm 
long, 0.5 cm in diameter) of the oscillator was soldered at the end of a rigid 
coaxial cable and was shielded by a brass tube forming the sample container. 
The outer conductor of the coaxial cable was made of monel tubing. The inner 
conductor consisted of a copper wire. Both ends of the cable were sealed to 
prevent air liquefaction which would affect the stability of the oscillator. The 
frequency stability which was obtained with the arrangement was better than 
1 c.p.s. (r.m.s.) in 10°, when frequency was swept at a rate of 3 kc per minute. 

The absorption line was modulated by the application of magnetic field 
pulses of approximately 20 oersteds. This field was created by a pair of Helm- 
holtz coils each of 1000 turns of No. 30 copper wire. The current needed 
(~100 ma) was supplied by a Tektronix Square Wave Generator Model 
No. 105. These coils could be placed at any angle relative to the r-f. coil, to 
reduce unwanted induced signals to a minimum. The modulation frequency 
was 35 c.p.s.; at this frequency a good wave form was obtained. 

While the oscillator frequency was swept slowly across the resonance line, 
the frequency was counted at certain characteristic points of the recorder 
chart with a Hewlett Packard electronic counter Model No. 524B. The time 
of counting and the long time constant of the phase sensitive detector intro- 
duced an error in the determination of the line center. This error was balanced 
out by making two measurements, one while the frequency was increased and 
one while it was decreased. By repetition, with a constant temperature bath, 
the center of the line could be located at +10 c.p.s. (r.m.s.). This temperature, 
however, was not known to better than +0.5° K. At 60° K, for KCIO; this 
uncertainty in temperature corresponded to a possible band of +1000 c.p.s. 
in which the line center could appear. The temperature was measured with a 
Au-Ag, Au-Co thermocouple whose calibration was expected to be better 
than +0.5° K. 

The experiment was carried out in two different parts for two different 
ranges of temperature. By pumping over liquid nitrogen, a temperature as 
low as 58° K could be obtained. At this temperature the nitrogen was solid. 
The measurements at lower temperatures were made while the sample was 
heating up slowly in an atmosphere of cold helium vapor from helium adsorbed 
in activated charcoal. The rate of increase of temperature was approximately 
0.3° K per minute. No large temperature gradient existed throughout the 
sample since very little broadening of the line was observed. 

The two measurements, needed to determine a line center, were made 
within 1 minute of each other and hence at temperatures that differed by 
0.3° K. The mean of these two resonant frequencies was taken as the frequency 
appropriate to the mean temperature and an uncertainty in frequency was 
assumed appropriate to a temperature difference of 0.3° K. 


THEORY 


The nuclear quadrupole energy levels are created by the interaction of the 
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nuclear quadrupole moment with the gradient of an axially symmetric electric 
field existing at the nucleus in certain types of molecules. In the case of an 
axial symmetric field the energy levels are given by the expression 


oe ae EA) 
(1) En = ge Oe (20 fut 


where Q = nuclear quadrupole moment, 
922 = maximum principal axis of the field gradient tensor, 
I = nuclear spin, 
m = projection of the spin on the maximum principal axis of the field 
gradient tensor. 
For the case of interest here (chlorine nucleus) J = 3/2 equation (1) leads 
to the following resonant frequency 


(2) v = €Qq,,/2h. 


The axes of the field gradient tensor fluctuate in direction because of the 
thermal vibrations of the lattice; in consequence the effective value of q., 
is reduced and the resonance frequency is lowered. The expression for the 
temperature dependence of v as obtained by Kushida, following Bayer’s idea 
is 


, 3 h (1 1 
= vt) = 1-3 Gti) 


where vp = eQq.',/2h is the resonance frequency that would be observed in a 
rigid lattice, 

w; is the frequency of the lattice vibration for mode 7, 

8; is the moment of inertia associated with the particular mode i. 
The summation must be taken over all effective modes. In KCIO; or NaClO; 
only two modes are effective; these are the two tilting motions of the ClO; 
groups as a whole, around two orthogonal axes both perpendicular to the 
direction of the symmetry axis of the molecule. Kushida (1955) has calculated 
that 6;, should be approximately equal for these two modes. Neglecting 
variations of w; and 0; with temperature, since lattice expansion is nearly 
negligible below 77° K, equation (3) can be transformed as follows: 


(4) In Avp(1—e-**/7) = Ina—(6,,/T), 
v(0)—»(7), 


(4a) where Avr; 


(4) v(0) = vo(1—(3h/2w,8,)), (resonance frequency at 0° K) 
Om = hwm,/k 
(4c) a = 3yh/wnOm, 


and where ‘“‘m’’ refers to mean values of angular velocity, moment of inertia, 
and temperature applicable equally to either of the two approximately equal 
modes. The sum over the effective modes has been replaced by a multiplying 
factor 2. The expression (4) gives a straight line when the left-hand side is 
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plotted against 1/7. The slope of the line is 6, and its intercept is Ina. The 
exponential term e~°™/? is small at the temperature considered here since 
6, is of the order of 140° K. An error of 10% in this last parameter is reflected 
by an error less than 0.1% in the logarithm at 80° K. The error decreases 
rapidly at lower temperatures; hence 6, obtained from the slope of the line 
will be nearly independent of the trial value of 8, chosen first to evaluate 
the correcting factor e~9"/”. 
The expression (3) can be written in the still simpler form 


(5) v(T) = »o(0)-—aX 


where 


X = 1/(e%/7—1). 


After @,, has been determined from equation (4) X can be evaluated for 
each experimental point. The slope of the straight line, equation (5), then 
leads by least square analysis to an accurate value of ‘‘a’’. The intercept of 
this line is »(0); at this stage the value of »(0) can be compared with the 
trial value chosen in connection with equation (4a). Combination of equations 
(46) and (4c) results in 


(6) vo = v(0)+(a/2). 

A simple expression for 0, is also obtained 
, _ 3h (¥(0) 4 
(7) on = 38 (213 : 


Equation (3) predicts different values for the temperature dependence of 
the two isotopes Cl*® and Cl*7 since for these, w; and 0; are not the same. 
Hence the ratio of the quadrupole coupling constant (eQq-2)cis/(eQq@22)cr 
will vary with temperature as noticed by Wang (1955). 


RESULTS 


The pure nuclear quadrupole resonance frequency of Cl® in KCIO; has 
been determined from a temperature of 15° K to liquid nitrogen temperature 
(77° K). Resonance was not observed at liquid helium temperature (4.2° K) 
perhaps because of the long spin-lattice relaxation time; theory predicts a 
spin-lattice relaxation time of more than 2 hours at this low temperature. 

Above 15° K resonances appeared and the line centers were determined by 
the methods described. Kushida, Benedek, and Bloembergen (1956) have 
measured the resonance line centers in KCIO; down to 77° K. They have 
found that their data were in agreement with theory when a value of 
27 X3.08 X10" was chosen for wm. The closest line in the Raman spectrum 
identified with a tilting motion of the ClO; group is 27 X2.94 X10". Using this 
last value it is found that 6,, = 141° K. Inserting this value in the exponential 
term of equation (4) and finding by trial the value of »(0) that gives the 
best straight line one obtains 


v(0) = 29,038,270 c.p.s. 
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Fic. 1. Actual temperature dependence of the pure nuclear quadrupole resonance frequency 
of Cl® in KCIO;. (The crossed point is from Kushida.) 


and from the intercept and the slope associated with (4) 


Ina = 6.1 >a ~ 445,860 c.p.s. 
6m = 141° K 
coinciding with the Raman line. 6, being determined, X can be evaluated in 
(5), for each experimental temperature. The curve obtained is shown on 
Fig. (2) and from a least square analysis the two following values are obtained: 


a = 440,903 c.p.s. 
v(0) = 29,037,800 c.p.s. 


The last figure »(0) differs by less than 0.002% from the value assumed to 
obtain 6,. It is only 0.0025% lower than the last measurement at 16.5° K. 
The value of “‘a’”’ obtained from the slope is expected to be more accurate 
than the one found previously since in the first case ‘‘a’’ was obtained from 
a logarithm. An error of 2% in the logarithm would be reflected by an error 
of 13% in ‘“‘a’’. The two values do not differ by much more than 1%. 
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Fic. 2. Determination of vo and 0, from the equation »(T) = »(0)+aX where X = 
1/(exp(@n/T) —1). 


The important parameter vp can now be evaluated from equation (6) 
vo = 29,258,321 c.p.s. 


This is the resonant frequency excluding the half quantum of energy of the 
lattice vibrations at 0° K. From expression (6) one can see that an error of 
1% in “a” is reflected by an error of only 0.008% in vo. Since ‘‘a’’ obtained 
from a slope is expected to be more accurate than 1%, the accuracy in 
is controlled mainly by v(0). Hence one should expect the value of vo to be 
as accurate as the extrapolated value of v(0). According to Kushida (1955), 
the moment of inertia of a free ClO; pyramid calculated perpendicular to the 
axis of symmetry has a value ranging from 83 to 89X10~-*" kg m? depending 
on the particular intercept chosen for the axis of tortion with the symmetry 
axis. Measured data substituted into equation (7) indicate that the moment 
of inertia of the pyramid in the KCIO; lattice has a value of 112 10—" kg m?. 

Theoretical values for the resonance frequency have been calculated with 
the help of the parameters obtained above. The difference between these 
theoretical values and the experimental frequencies is less than 0.004%. 

Considering the inaccuracy in the determination of temperature as well as 
frequency, this disagreement is within the maximum possible error. 

The ratio of the quadrupole coupling constant for the two Cl isotopes has 
been determined in two substances. In KCIO;, at room temperature (27° C), 


{ {creer} = «(300° K) = 1.268,772,.+0.000,005 
z2/C17/ 300°K 
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At liquid air temperature (80° K) the ratio of the coupling constants was 
found to be a(80° K) = 1.268,72,+0.000,01. 
In NaClO; the ratios coincide with those obtained by Wang (1955) 


a(80° K) = 1.268,737,;+0.000,004 
a(300° K) = 1.268,759,6+0.000,008. 


The changes in these ratios with temperature cannot be compared with theory 
since at these high temperatures, lattice thermal expansion is not negligible. 
A transformation through an equation of state, like that made by Kushida, 
Benedek, and Bloembergen (1956) for the Cl® resonances, would not be 
accurate enough, because of the small variations involved. 


N.Q.R. THERMOMETER 


Owing to the strong temperature dependence of the N.Q.R. frequency of 
Cl® in KCIO3, it is seen that, following the suggestion made by Dean and 
Pound, an accurate thermometer can be built. The characteristic of such a 
thermometer has been studied by Benedek and Kushida (1957) at tempera- 


au 
dt on 
ke 
“x 
3.0 +.003 
2.0 +.005 
1.0 +.01 
+02 
0.0 
° 20 40 60 80 100 120 140 yoy 


Fic. 3. Sensitivity of the nuclear quadrupole resonance thermometer using KCIO; as the 
sensitive material. Numbers on the right side are the accuracy with which temperature could 
be determined using +10 c.p.s. as the probable accuracy with which the line center can be 
determined. 
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tures above 77° K. The reproducibility of this thermometer would be a function 
of only the purity of the sample. As verified by these workers, the effect of 
the impurity content is to broaden the line and shift the line center. If the 
line width is less than 1 kilocycle even in the presence of the earth’s magnetic 
field, no shift in frequency is observed. The sample used in the present experi- 
ment gave a line width of 950 c.p.s. at room temperature and sufficient purity 
was assumed. 

The line center was determined at 273° K. The frequency obtained by 
repeating the line 8 times was 


v(273° K) = 28,213,270+11 c.p.s. 
Kushida and Benedek have found 
v(273° K) = 28,213,345+10 c.p.s. 


The difference may be explained by the fact that the temperature of a 
bath made with ice and water is only reproducible within certain limits. The 
difference between the two resonance frequencies corresponds to a difference 
of 0.016° K between the two baths. 

From the experimental curve »(T) versus 7, a sensitivity curve has been 
derived and is shown in Fig. (3) for the range 15° K to 140° K. For higher 
temperatures the sensitivity increases almost linearly. It is seen that below 
60° K the sensitivity drops very rapidly, being only 200 c.p.s. per degree at 
20° K. This would correspond to a temperature determination of +0.05° K, 
assuming a line center determination of +10 c.p.s. 


CONCLUSIONS 


In this paper Bayer’s theory of the temperature dependence of the pure 
nuclear quadrupole resonance frequency has been compared with experiment, 
and agreement is excellent below 77° K. It has also been found that differences 
in the ratio of the quadrupole coupling constant for the two Cl isotopes in 
KCIO; appear when this ratio is measured at different temperatures. This 
may explain in great part the differences observed for the ratio of the quadru- 
pole coupling constant measured in different samples. 

The possibility of using the phenomena as the basis of a sensitive thermo- 
meter has been studied. Although not practical for rapid temperature measure- 
ments, the thermometer could be used as a secondary standard after calibration. 
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EXPONENTIAL TRANSFER AND DIFFUSION! 


W. RABINOVITCH 


ABSTRACT 


The one-dimensional heat equation is solved for exponentially decaying rate 
of increment and decrement of temperature at the surface of a semi-infinite 
medium. 

The diffusion equation is solved for exponentially decaying rate of transfer 
from a source to a diffusion medium. The two types of sources are: mass initially 
(a) located at a point, and (5) distributed at interfaces within a porous rectangular 
parallelepiped or sphere. Solutions for subsequent concentration distribution are 
stated, and compared with the well-known cases of instantaneous transfer. 
Numerical evaluation is afforded by the probability integral of complex argu- 
ment. The treatment is applicable to cases of first-order irreversible chemical 
reaction and simultaneous diffusion of reaction products. 


1. INTRODUCTION 


The natural phenomena of conduction of heat and diffusion of matter can 
be represented by the partial differential equation 


(1) DV*c— dc/dt = 


where D is the diffusion coefficient, V is the differential operator, ¢ is time, 
and volume concentration c/temperature v or mass/heat apply interchange- 
ably.* 

Several classical solutions (2(10, 16), 3(29, 51)) of this equation have 
involved the error or probability function of a real variable which was tabu- 
lated in the early years of the nineteenth century (Encke 1832). More recently, 
a probability function of complex variable was calculated (Born 1933) for a 
number of values of the real and imaginary variables. A fundamental and 
familiar solution of (1), from which the error function solutions are derived, 
viz., 


_ 90) ert apt 


(2) sai 2\/ rDt 


is based upon the instantaneous transfer of mass from a planar source to an 
infinite medium where the substance can diffuse away (Fig. 1 and 3.1). Ina 
problem involving the kinetics of a first-order chemical exchange reaction at 
a monolayer-substrate interface (Robertson, Winkler, and Mason 1956; 
Rabinovitch, Robertson, and Mason 1958), a solution of (1) was required 
in which mass transfer was, instead, an exponentially decaying function of 
time. 

1Manuscript received June 13, 1960. 

Contribution No. 18, Soil Research Institute, Canada Department of Agriculture, Research 
Branch, C.E.F., Ottawa, Ontario. 


*Equation (1) refers to the case in which heat flow occurs without generation of additional 
heat, c.f. 3(15). 


Can. J. Phys. Vol. 38 (1960) 
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Fic. 1, Concentration-distance curves for instantaneous release of mass q(0) from unit 
area of a planar source at x = 0 to an infinite diffusion medium. The numbers on the curves 


are values of +/Dt. 


The solution found by Laplace transformation was expressed in terms of 
the Born function and the probability integral of complex argument, 


9; x+y 
(3) erent) 4 2b J oat} = U(X,Y)+iV(X,Y), 
which has been tabulated (Faddeeva and Terent’ev 1954) for a wide range 
of the parameters, X and Y. 

The purpose of this paper is the application of the foregoing to the solution 
of other diffusion and heat conduction problems having an exponential decay 
rate condition on temperature or mass transfer, and comparison with problems 
solved by the error function of real variable having the instantaneous con- 
dition. 

Part 2 of the paper deals with conditions on temperature; Part 3 deals with 
stipulations on the quantity of mass released from a point source to an infinite 
diffusion medium, and upon the rate of transfer of matter distributed at 
accessible surfaces throughout a rectangular parallelepiped and sphere within 
which released substance can diffuse. 

In the monolayer exchange reaction above, transferable mass was concen- 
trated at a two-dimensional air—liquid interface. By extending the distribution 
to three dimensions the expressions given are considered applicable to chemical 
kinetic studies of heterogeneous systems, but specific illustrations are beyond 


the scope of the present communication. 

Pertinent numerical data for e~**V(X, ¥) based upon the imaginary part 
of the complex probability function has been presented (Mason and Rabino- 
vitch 1958); tabulations of e~Y’U(X,Y) are included here. 
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2. SOLUTIONS OF THE HEAT EQUATION 
(SEMI-INFINITE MEDIUM) 


2.1. Heating Followed by Cooling 

Consider an insulated rod 0 < x < © whose temperature is zero degrees 
throughout. 

Suppose, at ¢ = 0, that the temperature at the surface extremity x = 0 be 
increased instantaneously to the temperature v9 followed immediately by 
exponential decay of temperature with time as shown in Fig. 2. The purpose 
is to determine temperature distribution as a function of distance and time. 
Carslaw and Jaeger (1959, p. 64) refer to this problem and its solution in 
terms of the error functions of complex argument. 


(oo 


TEMPERATURE ot x=0 








Fic. 2. Boundary condition at the surface of an insulated semi-infinite medium, instan- 


“. 


taneous heating from zero to vo degrees followed by exponentially decaying rate of cooling 
to zero. 


Otherwise stated, we are required to find, v(x,f), a solution of 1(1) for 
linear heat flow, i.e. 


where «x, [/t-'] is the diffusivity, for the boundary conditions, 
(2) v(x,0) = 0, 
(3) v(0,t) = voe™. 


By Laplace transformation the solution is readily shown to be 


* 
) aflx 0: Ma} —t2VX/« is 3 tzV Je e —" 
(4) v(x,t) 9° E erfc ee iVit) +e erfc (=25+ivi) | 
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Equation (4) may be expressed in alternative form by using U(X, Y) 
defined by the complex probability function, 








: 8 — 2 a 
(5) U(X,Y)+iV(X,Y) =e ji+ct Jie as 
where 

; i Mil : 

(6) s= V+ ISS = X+iY 
to yield 

” py a —z? /4et oe x 

(7) v(x,t) = vee u( vi =z). 


Numerical values for the dimensionless temperature v(x,/)/vp are given in 
Table I. In Fig. 3 temperature is plotted against x./d/« for several values 


1.0 





Vix, t)/Vo9. 


Fic. 3. Temperature distribution throughout an insulated semi-infinite medium for the 
surface boundary condition of Fig. 2. The numbers on the curves are values of ./\. These 
are also dimensionless concentration distributions due to exponential release from a point 


source, 3(6). 


of dimensionless time, +/f. For small values, i.e. +/A¢t = 0.2 and 0.4, the 
lower portions of the curves for temperature distribution are similar to the 
instantaneous heating curves of Fig. 4 for the same values of +/«?, [J]. For 
Vd > 0.92 the effect of exponential rate of decay of surface temperature is 


to reverse the temperature gradient within the rod at x = 0. 


2.2. Heating 
Consider the insulated rod of 2.1 whose temperature is initially zero 


throughout. 
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Fic. 4. Temperature distribution throughout an insulated semi-infinite medium initially 
at zero degrees throughout, when the surface_temperature is instantaneously changed to vp. 
The numbers on the curves are values of /xt. 

Fic. 5. Temperature distribution throughout an insulated semi-infinite medium initially 
at zero degrees obtained by exponential rate of increment to vo at the surface. The numbers 


on the curves are values of At. 
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Instantaneous Temperature Rise 

The purpose here is to determine temperature as it depends on distance 
and time if the temperature at an extremity x = 0 is raised to vo instanta- 
neously, and maintained thereat indefinitely. 

Otherwise stated we are required to find v(x,t), a solution of the one- 
dimensional heat equation (1) for the boundary conditions, 


(8) v(x,0) = 0 
(9) v(0,t) = vo. 
The well-known solution is 
(10) u(x,t) = vo erfc x/2Vxt 
and temperature distribution v(x,t)/vo is plotted in Fig. 4 for several values 
of xt. 


Exponential Temperature Rise 

The temperature distribution is determined throughout the semi-infinite 
rod whose temperature at the extremity x = 0 is raised at t = 0 from zero 
degrees exponentially to v9 approached asymptotically with time. 

We find a solution of (1) for the boundary conditions, 








(11) v(x,0) = 0 
(12) v(0,t) = vo(1—e’). 
By Laplace transformation the result is readily shown to be 
az Xe at fact ry Ae asain 
(13) v(x,t) soferfc 2/a é u( vi, =ia)} 


and the temperature distribution v(x,t)/vo is plotted for several values of +/Xt 
in Fig. 5. This solution approaches vp erfc x/2+/xt as \ > © corresponding to 
the instantaneous temperature boundary condition in (8), (9). 


2.3. Cooling 

Consider an insulated rod whose temperature i. uniformly vo degrees 
throughout. 

Instantaneous Temperature Decrement 

At ¢ = 0 let the temperature at an extremity be reduced to zero degrees 
instantaneously and maintained at zero indefinitely. 

For these boundary conditions, i.e., 


(14) v(x,0) = v 

(15) v(0,t) = 0 

the well-known solution of (1) for the resulting temperature distribution is 
(16) v(x,t) = vo erf x/2/xt.* 


2 77 « 
* erfx = —- | e~* dé. 
Vv vi 0 





RABINOVITCH: EXPONENTIAL TRANSFER AND DIFFUSION 1413 


Exponential Temperature Decrement 
For the boundary conditions, 


(17) v(x,0) = v% 
(18) v(0,t) = vee! 


the solution of (1), readily obtained by Laplace transformation is 





(19) v(x,t) = onjert eemeyl Vii sa) h 


In practice it should be a simpler matter to devise the exponential boundary 
conditions of (11)(12), (17)(18) than the corresponding instantaneous con- 
ditions. 


3. SOLUTIONS OF THE DIFFUSION EQUATION 

This section has as its purpose the statement of solutions of the diffusion 
equation for source systems of varying geometry characterized by the common 
condition of exponentially decaying mass transfer to the diffusion medium. A 
method of transfer from source to medium is examined below. 
3.1. Fixed Transfer Sites 

Consider the classical planar source at x = 0. Before diffusion begins, i.e., 
at time ¢ = 0 let unit area of the source contain a quantity q(0), [ml-*] of 
substance. The solution of 1(1) for instantaneous transfer at t > 0 of the 
diffusing substance across the plane x = 0 into an infinite medium is the 
expression 1(2). Figure 1 shows the curves for concentration distribution 
resulting in the medium. The area under each of the curves of Fig. 1 is con- 
stant corresponding to complete transfer of mass from source to medium. 

The source and the diffusion medium can be regarded as distinct entities. 
At the time before the transfer, i.e. at ¢ = 0 the source is at infinite concen- 
tration, and the medium |x| > 0 is at zero concentration according to 1(2). 
For ¢ > 0, however, the concentration of mass in the medium is forced to 
near infinite magnitude as q(0) is transferred to it. Moreover, although 
instantaneous transfer at t > 0 takes place across the plane x = 0, the diffusion 
process proceeds symmetrically on either side of this plane (not crossing it) 
whence the source x = 0 does not constitute part of the diffusion medium. 

Apparently to be distinguished from the instantaneous planar source is the 
case which can be approached physically, termed by Crank (1956, p. 11) as 
‘extended initial distribution’, in which the source forms part of the diffusion 
medium 3(27, 28, 29). The latter contains g(0) units of mass before as well 
as after diffusion has started. At ¢ = 0, finite extended distribution of matter 
occurs in the shape of the rectangular parallelepiped —a < x < a and infinite 
concentrations are not involved. Concentration distributions at t = 0 and 
subsequent values of the time are shown in Fig. 9. 

Classically, however, the mathematical solution, 3(29), is derived by 
integration with respect to the space variable é (Crank, p. 13) of an infinite 
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number of planar sources within the medium each releasing an infinitesimal 
quantity g(0)(dé/2a) instantaneously: 
+a —t? /4Dt 
st ae mie dé 


2a Jz-q 24/Dt 


so that the total quantity released is g(0). In this case diffusion, t > 0, can 
be regarded as taking place in a direction normal to the instantaneous sources, 
and the instantaneous planar source of 1(2) is thus a uniform sheet of non- 
diffusible mass only at ¢ = 0. 

The exponential planar source is, however, in sharp contrast. Let unit area 
of the exponential planar source contain q(0), [m/-*] units of mass at ¢ = 0. 
At t > 0, the quantity q(0)e~*! still being contained by the source, cannot 
diffuse, and hence constitutes a fixed site away from which only the amount 
released up to time ¢, viz., g(0){1—e-**} is free to diffuse. The sources of 
three-dimensional distribution in 3.3 undergoing exponential release are thus 
to be regarded as porous or otherwise heterogeneous media consisting of 
immobile matter located at interfaces from which diffusion of released matter 
can proceed. Since exponential release can result from a first-order chemical 
reaction, 3.3 is treated accordingly. 

3.2. Point Source 

Consider a system consisting of a source located at a point surrounded by 
an infinite diffusion medium. Before diffusion begins, i.e. at time ¢ = 0, let 
the source contain a quantity q(0), [m] of substance which is subsequently 
released for diffusion, and the infinite medium contains no diffusing sub- 
stance. 

Instantaneous Release 

For radial diffusion 1(1) becomes 


(1) sat <2 = 0 


and the classical solution for instantaneous transfer at ¢ > 0 of the amount 
q(0) of matter from the point source into the infinite diffusion medium is the 


expression, 


q(0) —r?/4Dt 
9 6 a75e 
(2) “= 8(xDt)* 
where 7 is the distance from the point source (Crank, p. 27, 84). 


Exponential Release 
The instance treated here is that in which the substance in the point source 


is released exponentially according to 
(3) q(t) = g(O)e** 


where q(¢) is retained by the source, ¢t > 0.* 


*The contents of the diffusion medium at time ¢ is given by (7). 





RABINOVITCH: EXPONENTIAL TRANSFER AND DIFFUSION 1415 


This condition together with the initial condition 
(4) c(r,0) = 0, 0<r<o 


have yielded the following solution of (1): 


q(0) k ek, trvk7D r 
(5) c= SarD° . \e */P erfc (5 ~ivit) +e" erie ivi}. 


By introducing the complex probability function, (5) can be transformed to 


(6) c= gO) & sat u( Jkt 








4nr D , <n): 


In Table I numerical values for the dimensionless concentration parameter 
may be found, and the curves of Fig. 3 (plotted for the temperature distri- 
butions) illustrate the relation between 4xrDc/kq(0) and rx/k/D for various 
values of +/kt. 

Assigning the value of unity to the ratio of the rate constant and diffusion 
coefficient k/D {l-*], the dependent variable c/q(0), [/-*] is plotted against 
r {/| for several values of »/Dt {/-"] in Fig. 6. In Fig. 7 the solid lines correspond 
to k/D = 25 and the broken line refers to instantaneous release (k/D = ~-) 
calculated from (2) for 1/Dt = 1 indicating the effective proximity of R/D = 25 
to k/D =o (D #0). 

It is readily shown analytically that (6) reduces to (2) as k->@. In this 
case the total quantity of substance in the diffusion medium is constant, 
t > 0. For exponential release the quantity of matter in the medium increases 
asymptotically with time, and may be found by integrating the product of 
volume concentration and elements of volume from 0 to © as given by 


Jrcatass mr’). 


In accordance with the conditions of (3) and (4) it follows that 


(7) [cs ar'dr = a(0)4! att, 


0 
By integration of the exponential plane source solution of Part 1 and the 
point source solution (5) with respect to relevant space variables the spherical 
source solution of 3.3C is obtained. 


3.3. Sources of Extended Distribution 

Crank (1956, Chap. VIII) has dealt with the mathematics of more than 
two dozen instances of simultaneous chemical reaction and diffusion. The 
partial differential equation for linear diffusion and simultaneous chemical 
reaction in the infinite medium given by Crank is: 


(8) Doa-a" kz 


where 0S/dt is the rate of formation by chemical reaction at fixed sites of a 
quantity S(x,t) of non-diffusing substance per unit volume [ml-*], and c(x,t) 
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6. Concentration distribution throughout an infinite diffusion medium due to ex- 


ponential release of mass from a point source for a value of k/D equal to unity. The numbers 


on the 
FIG. 


curves are values of /Dt. 
7. Concentration—-distance curves for an exponential release (solid lines) point source 


for k/D = 25. The broken line corresponds to instantaneous release, k/D = ©. The numbers 


on the 


curves are values of +/Dt. 
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is the concentration of substance free to diffuse. The positive sign implied 
in 0S/dt corresponds to transfer from the diffusion medium to the sites. 

For a finite system formal mathematical solutions were derived for which 
0S/dt corresponds to a reversible first-order reaction (Crank, p. 133) with 
the condition, 


(9) 0S/dt = \c—pwS 


whence the non-diffusing component is formed at a rate proportional to the 
concentration of diffusing substance, and disappears (forming the mobile 
product) at a rate proportional to its own concentration. For a particular 
infinite system mathematical solutions were evaluated, and numerical values 
given (Crank, p. 142). 

For the irreversible reaction stipulated by u = 0, eq. (8) reduces to: 


(10) 


in which the diffusing substance (c) is reactant, and the immobile component 
(S) is the reaction product. Solutions have been evaluated for various finite 
and infinite systems (Crank, p. 124-132). 

For the irreversible reaction corresponding to A = 0, eq. (8) reduces to: 


ac ac aS 
(11) we” QRZ 


in which the concentration of diffusing substance c(x,f) is that of reaction 
product, and the quantity of immobile matter per unit volume S(x,t) is that 





of the reactant. By integrating 0S/dt = —uS with respect to time, (11) 
becomes 

i. ut 
aa ae ba” - poe 


where So(x) is non-diffusing reactant concentration at ¢ = 0. It should be 
noted that if diffusion of reaction product cannot occur (D = 0 in (12)), its 
concentration is determined by 


(13) dc/dt = wSoe~*' 
with the result, upon integration with respect to ¢, that 
(14) c = S,(l—e*'), 


which is the relation between concentrations of reactant and reaction product 
required for a first-order process (Laidler 1950). A similar relation can also 
be deduced from (10). Equation (12) also corresponds to the heat equation 


“ 2 ldv_  A(x,y,z,t) 
(15) idle xk ot K 


if heat is generated in a solid, so that at the point P(x,y,z) heat is supplied 
at the rate A(x,y,z,t) per unit time per unit volume, where v is temperature, 
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and «x and K are constants; solutions of (15) involving A(x,y,2,t) an ex- 
ponential function of time have been given in terms of the Faddeeva and 
Terent’ev functions (Carslaw and Jaeger 1959, p. 9, 10, 80, 245). 

In the following (with a change of notation) solutions are given of 


(16) DV*c—(dc/dt) = —RkSo(x,y,2)e—** 


for linear and radial diffusion of reaction products resulting from the first-order 
reaction of an immobile reactant distributed in space. 


A. INFINITE RECTANGULAR PARALLELEPIPED 


Exponential Mass Transfer -a <x <a 
Linear Diffusion -—~ <x <@ 


Consider a porous rectangular parallelepiped —» < x < ~. Let a quantity 
q(0), [ml-*] of reactant per unit area of cross section be distributed uniformly 
at interfaces throughout the space —a < x < aand at ¢ = 0 let the parallele- 
piped be juxtaposed against a fluid diffusion medium which penetrates the 
parallelepiped instantaneously. By ensuing first-order chemical reaction 
(¢ > 0) in the zone —a < x <a, let the region — ~ <x < ~ be charged 
with dissolved reaction product which diffuses away.* 

We solve (16) for c in the region 0 < x < ~:f 





- et am °c, 10, ra q(0) k ett 

Ch ae x fa =e’ eS eee 
(18) Six)=0, F4-F SW, a<x<e 
with the boundary conditions, 

(19) 0c,/dx = 0, C=): t>0 
(20) =c.=0, 0O<x<o, t=0 
(21) f C1 = C2, x =a, i>0 

Continuity 

(22 0¢,/Ox = OC2/ dx, Sa i>0 
(23) Cc. = 0, x = oO, t>0 


The solution for concentration distribution found by Laplace transforma- 
tion, or by integrating the exponential release planar source solution of 
Part 1, as shown for the instantaneous source in 3.1 is: 

+ erf 7 


2a ] —(a+z)2 /4Dt ( oie 
9 er es Le 
aH) qd m 1) ert $+ 3D aE a ; v Vit, 2/Dt 


4-2) Pe a= )_ Qe7* | Ore <a 











*For t > 0 the mass g(t) = g(0)e~** remains fixed as in the planar source at interfacial sites 
within -a <x <a. 

+The solution for — © <x < © is continuous and symmetrical about x = 0, hence con- 
dition (19) for 0 < x < © for which equations are more concise. 
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si 2a 1 x+a (ore)? ADE ( — x+a ) 
9 —_— = — __——— —-+ ——s 
(25) q(0) 1 ec 2/Di ~erf= oi . U Vit, 2/Dt 
— ony ji, a2) . a<x<o 


The concentration distribution curves for 0 < x < © calculated from (24) 
and (25) for several values of dimensionless time ./kt are shown in Fig. 8 
for the condition that a*k/D be unity. The area under each curve is 3{1—e7*} 














Fic. 8. Concentration distribution throughout a semi-infinite medium resulting from 
exponential rate of release of matter q(0)/2 within a rectangular parallelepiped source of half- 
length, a. The dimensionless parameter a*k/D is given the value of unity and numbers on the 


curves are values of +/Et. 


and while at the time ¢ the entire diffusion medium contains an amount 
q(0){1—e-**}, the parallelepiped section contains a lesser quantity, 


Dt (g0/P# 1) ~e-#! 








(26) J ceenax = VOLS yi 


due to simultaneous outward diffusion of reaction product. If D were zero in 
(24) or (26) the exponential relation of (14) would follow for the section 


—a<x<a. 


* 


*For tabulated values of V see Part 1. 








1420 CANADIAN JOURNAL OF PHYSICS. VOL. 38, 1960 


Instantaneous Mass Transfer 
When k—~, the problem considered above reverts to 





Oc 1 0c 

OF aaceis tae | ew mee Se =. 
on ax? Dat” Peet # 
with the initial condition, 
(28) c = Cy = q(0)/2a, —a<x<a 
having the classical solution: 

. atx a-Xx | 
26 =—_— eens Sos 
(29) ak erf 2/D + erf 2 Di’ 


which may be obtained by integration as in 3.1 of the instantaneous plane 
source solution and for which concentration distribution curves are shown 


in Fig. 9. 


C/E 





Fic. 9. Concentration distribution for an instantaneous distributed rectangular parallele- 
piped source in an infinite diffusion medium.The numbers on the curves are values of »/Dt/a. 


If a cylinder contains a layer of solution, above which is superposed an 
infinitely long column (concentration changes not being evident at the top 
of the column during the time of an experiment) of water, initially clear, the 
resulting concentration distribution is characterized by (29) for the semi- 
infinite system. 

It should be noted (Fig. 9) that with increasing time the concentration 
steadily decreases from Cy to zero at x/a = 0, whereas for the exponential 
release case (Fig. 8) concentration first rises to a maximum as reaction product 
accumulates, and then falls to zero as simultaneous diffusion occurs into the 
infinite medium. A similar effect is obtained in the case of the planar source 
undergoing exponential release. 
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B. FINITE RECTANGULAR PARALLELEPIPED 


Exponential Mass Transfer —a <x <a 
Linear Diffusion -—a <x <a 
Forced Convection —l—a <x < -—a,a <x <a+l 


Consider a rectangular parallelepiped —a < x < a containing a quantity 
of reactant q(0), [m/-*] as in A and suspended in a fluid medium —l—a< x 
< —a,a < x < a+l which is well stirred. Let the fluid penetrate the porous 
structure of the parallelepiped instantaneously at t = 0, whence by chemical 
reaction ¢ > 0, it becomes charged with dissolved product which diffuses out- 
ward to the space —/—a < x < —a, a < x < a+l. Here the concentration 
is uniform thus enabling convenient sampling. The rate of accumulation of 
reaction product in the zone a < x < a+l is 1(0c/dt),;~_¢ and must be equal 
to the flux Q, [ml-*t-] of diffusing substance from the parallelepiped at 
x = a. By Fick’s first law the flux is related to the concentration gradient 
in the parallelepiped at x = a according to 


ie 0 of) 


Hence we.solve for ¢ in (16) 


q(0) ac 1 dc q(0) k em 


(31) Sox) = “GO "ta" "=. we * 0O<x<a 
with the boundary conditions, 

a *) (=) Z 
(32) p( % =] at) x =a, t>0 
(33) ¢ =O O< «<a; r= 


a (%)- 


Proceeding with Laplace transformation and determining the inverse trans- 
form by the Heaviside expansion theorem (Jaeger 1956, p. 7, 114) we obtain 


( 
( ) | ong 2 


(35) c=*5 i 
mr ie oa emule 


——(an/a)*Dt 


t>0 


| 
= 
& 

ll 
S 








ni 
“4 COS “xX .€ 
a 


@ 


a ; a 
=H, -Dai\(a L4241)cosa, 
ka ad 


where the a, are the roots of acot a+a/l = 0 (Carslaw and Jaeger 1959, 
p. 492). 
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At x =a, this expression reduces to 


q(0) . Je —(an/a)*Dt 
2a 
wet ae cot +14/ E covag/E % z (, — Pee) (asi 4241) 


These solutions are useful for large values of the time because of the rapid 
convergence of terms under the summation sign. 

For small values of the time, the Laplace transform expanded in terms of 
negative exponentials (Jaeger 1956, p. 108) yields an approximate solution 
involving the complex probability functions 


- = (0) E = ul eo 4 —(a+z)? /4Dt ( ats) 
37) c=“ Vl a“ et+\yatl e U\ Vt, 2/Di 
4¢-@ —z)?/4Dt u( vin, $5) . i en (ate)? Ade v( Vi ste) 

—(a—z)? /4Dt 7 7, a2—x \ epult atz/l ) 

+e J (vi, ox) ‘Ve erte( +H 4 /Dt/l 


a—z/l a-x 7 
+e erfe( S5¥-4 vir) | : 


For the specific case in which the volume of the parallelepiped is equal 
to the volume of the zone of forced convection (a// = 1), the concentration 
of product in the stirred region (c(t) at x = a) is plotted against time in 
Figs. 10 and 11 for various values of the dimensionless parameter aW/k/D. 
The abscissa of the plots is /Dt/a in Fig. 10 and Vkt in Fig. 11 to demon- 
strate the effect of variations of the relative rates of reaction and diffusion 
on the time dependency of the process. 

In Fig. 10, the plot on the left represents a process controlled by diffusion 
(c.f. Crank, p. 55) whether this comes about by k approaching infinity, D/a? 
being finite; or D/a? +0, Rk being finite. The sole effect of either method of 
making a?k/D — © is that upon the absolute time scale of the process. 

The curves corresponding to aVWk/D = © and avV/k/D =8 converge 
rapidly at values of ./Dt/a > 0.3, but are divergent at small values of the 
time for which the diffusion-controlled plot is approximately linear. In this 
interval the adjacent curve is markedly non-linear. It follows that processes 
for which a/k/D is large may be conveniently evaluated in this zone which 
involves expression (37). 

In Fig. 11 the plot on the left arises from a reaction-controlled process 
and following a similar argument as above, only the time scale is affected by 


(36) c(t) = 


























Fic. 10. Concentration-time curves for the well-stirred zone to which reaction products 
diffuse from a rectangular parallelepiped contained therein. The numbers on the curves are 


values of a./k/D. ‘ : 
Fic. 11. Concentration-time curves for the well-stirred zone. The numbers on the curves 


are values of a./k/D. 
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the manner in which aV/k/D — 0. The function plotted against /kt, for 
aVk/D = 0 is 3(1—e*’). 

Table II constructed from Figs. 10 and 11 illustrates the effect on the 
absolute time scale of the manner in which a./k/D obtains its numerical 
value. 

















TABLE II 
Time dependency of process 3.3B on relative rates of reaction and diffusion 
Vk = VD/a =1 
VE Time for VTime for 
26 4.1 " a Sean 
qo)” 4 VD/a avi, Vk qo)! =4 
co 0 of co 0.275 
2.435 1/8 8 8 0.305 
1.563 1/4 + 4 0.39 
1.166 1/2 2 2 0.58; 
0.935 1 1 1 0.93, 
0.833 ce O* 0 co 








*Rez action- controlled process. 
tDiffusion-controlled process. 


C. INFINITE SPHERE 


Exponential Mass Transfer 0 <7 <a 
Radial Diffusion 0 <r <o 


This case is analogous to that for linear diffusion, A, with the difference 
that a porous sphere, containing immobile reactant q¢(0), [m], 0 <r <a is 
substituted for the rectangular parallelepiped. 

We solve (16) for simultaneous first-order reaction and radial diffusion of 


products. 
= OO Fe FO 1M a) Es 
(38) Solr) = F735 a v2 - Da” “Teen sss 
5 dc. , 2 dee 1 0C2 
( a St hee es si Se 
(39) So(r) = 0, apt a Bae 0, act?r< 


together with the boundary conditions, 


(40) yp =e =: OSpego. $= 0 
(41) C; finite, r = 0, E> 0 
(42) co = 0, P= Oi, t>0 
(43) C) = Ca, r= 4, t>.0 
(44) 0c;/0r = OC2/dr, Pi =; E>0 


The solution obtained by Laplace transformation or by integration of the 
exponential release plane source solution of Part 1, and point source solution 


(5) is: 


or 


le 
al 


0 


0) 
0 
) 
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4/3 4/3 na’ jacks ) a+r be 1 fe, —(at+r)?/4Dt__ -—(a—r)? nosh 
(45) q(0) c He rf 2/Dit® fps t —e 
-. D§ —(a—r)? /4Dt ( ag) eee - —(a+r)? /4Dt ( — otf )t- kt 
+ 3 rat WV kt 3 Ti) ~ Vv kt opi) §~ 
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4/3 3 ma* - ek ~at ape $ ts Jb ) 
q(0) c(t) = erf VBI +e \u kt, 3 Bi 


-a4/ 2 y o( vi, x5) r=0 
~ 4/3 ma’ = u ra ra ye —(r+a)? /4Dt --or oe 
(47) q(0) c= erfou, Di erf 2 Di +- . —e | 
i D —(r—a)? /4Dt ( = hs ,—(r+a)? /4Dt ( — +a } 
+ 2 he Wilt pi) VW opi) § 


cans —(r—a)? /4Dt —(r+a)? /4Dt r+a \ 
mV ove Bi) - (vi +) 


a<ar <@ 








(46) 











Taking unity for the value of a*k/D concentration distribution curves 
are plotted for several values of ./kt in Fig. 12. The relationship 


(48) Joe mrdr = q(0){1—-e*'} 


can be demonstrated by substituting ¢ as given in (45) and (47), i.e. the 
quantity of reaction product contained within the infinite diffusion medium 
approaches g(0) asymptotically with increasing time. 


Instantaneous Transfer 
When k— © the problem given above reverts to 


ac 2 dc 1 dc 
( pO ee ee oe a 
(49) or? rar Dat 0, rs 


with the initial condition, 





(50) c=Q%=— Si, Omar <a 


having the well-known solution, 


R es Co ae Sf —(a—r)? /4Dt __ ciel 
(51) c= > ferf oop tela : ~ Ve e ‘ 


for which curves are shown in Fig. 13. 
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Fic. 12, Concentration distribution throughout an infinite medium resulting from ex- 
ponential release of matter g(0) within a sphere of radius a. The dimensionless parameter 
a?k/D is assigned a value of unity and numbers on the curves are values of +/kt. 


C/Co 





Fic. 13. Concentration distribution for an instantaneous distributed spherical source in 
an infinite diffusion medium. The numbers on the curves are values of »/Dt/a. 
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Remarks similar to those under (29) apply, except that a spherical source 
replaces the column. 

In the present context instantaneous release may be regarded as a limiting 
case of exponential transfer. In kinetic studies of chemical reactions in hetero- 
geneous systems it may not be experimentally possible to determine a first- 
order rate constant directly. Providing that the value of the diffusion co- 
efficient is known, the solutions given may be used to calculate k from measure- 
ments of the volume concentration of reaction product. Or conversely for 
known rate constant, the diffusion coefficient may be estimated. 
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ON THE PRODUCTION OF Be’ IN THE NRX REACTOR BY 
THE B'(p,a)Be’, Li?(p,n)Be’, AND Li‘(d,n)Be’ REACTIONS! 


J. C. Roy, M. Bresesti,? AND J. J. HAwTON 


ABSTRACT 


Beryllium-7 has been produced in the NRX reactor by the following reactions: 
B!( p,2)Be?, Li7(p,n)Be’, and Li®(d,x)Be?. The Be? has been identified by its 
half-life and gamma-ray energy. The (p,a), (p,m), and (d,m) reactions were 
initiated by protons and deuterons produced by neutron —hydrogen atom 
collisions and by neutron — deuterium atom collisions from the irradiation of 
boric acid, lithium hydroxide, and lithium deuteroxide respectively. The same 
three reactions were also initiated by protons and deuterons produced by (,p) and 
(n,d) reactions on boron, lithium, and other target elements chemically combined 
with lithium. 

INTRODUCTION 

Beryllium-7 decays by electron capture to Li’ with a 53-day half-life; 11% 
of the disintegrations go to the first excited state of Li? at 0.479 Mev (Stro- 
minger et al. 1958). These radioactive properties of Be’? make it easy to detect 
by radiochemical techniques. Moreover, the fact that it can be obtained in 
high specific activities, carrier-free if required, makes it an excellent tracer 
for beryllium. 

Beryllium-7, produced by cosmic rays, has been found in samples of rain 
(Arnold and Al-Salih 1955; Goel et al. 1956), snow (Nilsson 1957), and air 
(Cruikshank et al. 1956). It is produced commercially from cyclotron irradia- 
tions by (p,m) or (d,m) reactions on lithium (Martin e¢ al. 1955; Mellish and 
Payne 1959; Gruverman and Kruger 1959). A radiochemical search for Be? 
as a product of ternary fission of U** was made by Cook (1952), who set an 
upper limit of 10-°% for its yield. This work of Cook seems to be the only 
attempt to look for Be’ as a product derived from a nuclear reactor. 

Our interest in Be? lies in the fact that it is an excellent nuclide for the 
study of different types of nuclear reactions induced by fast neutrons in a 
reactor. We were also attracted by the possibility of finding a reaction which 
could produce usable amounts of Be’ in a reactor. Three different charged 
particle reactions have been observed to yield Be? in the NRX reactor. In 
the present paper evidence for the observation of the B!°(p,a) Be’, the Li7(p,7) 
Be’, and the Li®(d,z)Be’? reactions will be presented. These reactions were 
initiated by protons and deuterons produced by neutron — hydrogen atom 
and neutron — deuterium atom collisions from the irradiation of boric acid, 
lithium hydroxide, and lithium deuteroxide. It will be shown that these three 
reactions leading to Be’ can also be initiated by protons and deuterons gener- 
ated by (”,p) and (n,d) reactions on boron, lithium, and other target elements 
chemically bound to lithium. 
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EXPERIMENTAL 


A. Materials and Irradiation 

For the study of the reactions involving lithium the following substances 
were used as starting materials, LiF, LifOH, Li‘OD, LiF, LiOH, and LiCl. 
The Li® compounds were prepared by standard methods (Brauer 1951) from 
metallic lithium enriched to 99.8% in Li®. The enriched Li® was obtained 
through the courtesy of the Stable Isotope Division of the Oak Ridge National 
Laboratory. As a rule three to four lithium compounds, each one being packed 
in individual aluminum capsules, were irradiated in the same container. For 
the study of the B!°(p,a) Be’ reaction, boric acid and boron powder were used 
as targets. The irradiation container was made of aluminum lined with cad- 
mium. Cadmium prevented the destruction of Be’? by thermal neutrons, the 
cross section of which is 4.810 barns (Hanna 1955). It also reduced the 
great amount of heat generated by the tritons and alpha particles formed 
in the thermal neutron capture of Li® and B!° respectively. 

The samples were irradiated in a position in the reflector of the reactor for 
about 5 days. The fission neutron flux in that position is 210" n/cm? sec. It 
was measured by measurement of P® produced by the S*(,p)P* reaction, 
using 60 mb for the cross section of S®. 


B. Chemical Purification and Counting Techniques 

A few days following the end of the irradiation the targets were dissolved 
in water or dilute acids and a known amount of beryllium carrier was added. 
The beryllium was separated and purified by the method of Buchanan (1958). 
This method is well suited for the separation of beryllium from lithium; it 
is simple, relatively fast, and gives radiochemically pure Be in high yield. The 
purified beryllium was transformed to the oxide, deposited in an aluminum 
tray, and weighed. The Be’ was identified by following the decay of the 
0.479 Mev gamma-ray photopeak with either a 1 in. X1 in. or a 3 in. X3 in. 
Nal(TI) crystal used in conjunction with a multichannel analyzer. From the 
chemical yield, the abundance of the y-ray and the efficiency of the scintillation 
spectrometer, the rate of formation and yield of Be’ were calculated for each 


target. 


RESULTS AND DISCUSSION 

The only photopeak present in the y-ray spectra of the beryllium samples, 
separated from the lithium and boron compounds irradiated under the con- 
ditions given in Section A of ‘‘Experimental’’, was at 0.48 Mev. It decayed 
with a 53-day half-life and therefore the activity was considered to be radio- 
chemically pure. 

The experimental results are summarized in Table I. In columns 2 and 3 
respectively, R gives the rate of formation of Be’? per molecule of target per 
second of irradiation and Y gives the number of atoms of Be’ produced per 
gram of target per day of irradiation. The values of R and Y are for a fission 
neutron flux of 2.010" n/cm? sec. Except for LiCl, the errors quoted for the 
value of R are the standard deviations of several measurements. Since only 
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TABLE I 


Rate of formation of Be? from the irradiation of boron and lithium 
compounds in NRX 

(fission flux = 210" n/cm? sec, based on 60 mb cross section for the 
S*(n,p)P® reaction) 


Yield of Be? per gram of target 
per day of irradiation 
Be? atoms per target] ———-—-_—_—_____ 


molecule per second Be? atoms Be? disint./min 

Target R i A 

H;BO; 1.2+0.1X107'8 8.4X 108 7.6X 108 
Boron 6.0+1.0X 107° 2.7108 2.5X 108 
LiOH 5.0+0.3X 1078 1.110% 1.0X105 
LitOD 2.540.5X 10718 5.4X 10° 4.9X10! 
LisOH 4.2+1.2X10-'° 9.5X 108 8.7 X10 
LiF +.641.0X1079 9.6X 108 8.8X 108 
LiF 2.440.3X107'9 4.8108 4.4108 
LiCl 1.140.210718 1.3X10° 1.210 





one irradiation was done with LiCl, the error associated with the value of R 
is the estimated reliability of the measurement. 

The formation of Be? in lithium and boron compounds is explained by a 
two-step mechanism. The fast neutrons in a reactor will generate energetic 
protons, deuterons, and tritons by (n,p), (m,d), and (n,t) reactions or by 
collision with the isotopes of hydrogen in the targets. This step is followed 
by the interaction of the particles with B!°, Li®, or Li? and thus many routes 
for the formation of Be? are available. The most likely ones to be followed 
in a reactor, on the basis of nuclear reaction Q-values (Bromley and Rutledge 
1958), are shown in Table II. 


TABLE II 


Possible routes of formation of Be? 











Reactions Q-values (Mev) Er (Mev) 
1 B°+p—Be'+a 1.15 exoergic 
2 Lii+p—Be7 +n —1.65 1.85 
3. Lif + p— Be? + 7 5.61 exoergic 
$ Lié+d— Bet +n 3.38 exoergic 
5 Lif +t — Be? + 2n —2.87 4.4 


From the available information on the excitation functions of these five 
reactions, it is expected that reactions [1], [2], [4], and possibly [5] will be the 
important routes leading to Be’. Reaction [2] has a wide resonance with a 
cross section of 0.5 barn for proton energies slightly above 2 Mev (Jarmie 
and Seagrave 1956). The cross section of reactions [1] and [4] varies from 
1 to about 100 mb for proton energies ranging from 100 kev to about 2 Mev 
(Jarmie and Seagrave 1956). Reaction [3], although exoergic by 5.6 Mev, has 
a cross section of less than 1 microbarn (Warren et al. 1956). It is not expected 
then to contribute much to the formation of Be? and it will be shown in the 
discussion which follows that it is in fact an insignificant source of Be’. It is 
difficult to assess the potential importance of reaction [5] because its cross 
section has not been measured. 


cc = 


CD ee eee 
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The relative importance of reactions [1], [2], [4], and [5] in forming Be? will 
depend on the rate at which the charged particles are produced in the targets 
and also on the rate at which they lose their energy. At a given energy the 
range of the proton is twice that of the deuteron and three times that of the 
triton. Thus for the same initial energy, other factors being equal, proton 
reactions are favored over those of the tritons. 

Reactions [1] and [2] can be initiated by protons generated either by neutron- 
hydrogen atom collisions or by the reactions given in Table III. Except for 


TABLE III 


Reactions producing fast protons 


Cross sections for fission 
Reactions neutrons (16) (mb) 








6 Li%(n,p)He® 8 (estimated value) 
B'(n,p)Be!® 35 (estimated value) 


8 O'M(n,pyNi6 0.019 
9 F'%n,p)O' 1.0 
10 CI*(n,p)S* 16.0 





reaction [8] which has a very low cross section, the above (,p) reactions 
might be expected to generate enough protons to produce detectable amounts 
of Be’. 

The energetic deuterons required for reaction [4] can be produced by 
neutron — deuterium atom collisions or by the (”,d) reactions given in Table 
IV. The only available information about the (,d) reaction cross sections is 
for reaction [11]; a cross section of 160 mb for 5.5, 6.5, and 14 Mev neutrons 


TABLE IV 
Reactions producing fast deuterons 


Reactions Q-values (Mev) Er (Mev) 





Li®(n,d)He® —2.43 2.84 


11 

12 Li%(n,d)He® —7.07 8.9 
13. O'(n,d)N§ —9.88 10.5 
14. F'%n,d)O'8 —5.18 5.45 


has been reported by Ribe (1956). From these values a cross section of 8 to 
10 mb can be estimated for fission neutrons. Because of their high thresholds, 
the (,d) reactions other than reaction [11] would not be expected to produce 
enough deuterons in a reactor to yield detectable amounts of Be? by reaction [4]. 

The only important source of tritons for reaction [5] is the following (n,t) 
reaction: 


[15] Li®(n,t) He* Q-value = 4.78 Mev 


Reaction [5] is energetically possible when the tritons are produced by fast 
neutrons having kinetic energy greater than 1.5 Mev. For fission neutrons 
above that energy, a cross section of 80 mb is calculated from: the excitation 
function of reaction [15] (Hughes and Schwartz 1958). It is a large cross 
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section compared to that for either (”,p) or (,d) reactions in a reactor; thus 
enough tritons should be available to initiate reaction [5] if the cross section 
for the latter reaction is of the same order as those for reactions [2] and [4]. 

The only reaction which can lead to Be? from the reactor irradiation of 
boron compounds is the B!°(p,@)Be’ reaction. The only method of obtaining 
protons upon the neutron irradiation of boron powder is by a (n,p) reaction 
on B!° (reaction [7]). The fact that Be? has been separated from irradiated 
boron shows clearly that a proton from a (”,p) reaction can initiate a (p,q) 
reaction in a reactor. Neutron — hydrogen atom collisions which occur when 
boric acid is irradiated provide an additional source of protons and the results 
in Table I show that 95% of the rate of formation of Be’ in boric acid is due 
to this process. 

These results show that Be’ can be produced by three reactions with lithium 
compounds in the reactor (reactions [2], [4], and [5]). The energetic particles 
required for these reactions can arise from several sources: neutron—hydrogen 
or neutron-deuterium collisions and reactions [6], [9], [10], [11], and [15]. To 
carry the analysis further it is convenient to designate the ratio of production 
of Be’ by the various routes by a code letter as shown in Table V. 











TABLE V 
Routes for formation of Be? from irradiation of Li compounds 
First step Second step Code letter 

Production of the p, d, or t¢ Reaction of the p, d, or ¢ 

p from neutron-H collisions Li7( p,m) Be? (reaction 2) A 
p from Li® (reaction 6) ie B 
p from F!® (reaction 9) - Cc 
p from Cl* (reaction 10) " D 
d from neutron-D collisions Li®(d,n)Be? (reaction 4) E 
d from Li® (reaction 11) a F 
t from Li® (reaction 15) Li®(t,2n)Be? (reaction 5) G 





The contribution of each combination in the different targets can then be 
expressed in terms of the code letter, as shown in Table VI. The coefficient 
0.075 which appears in these combinations is simply the percentage abundance 
of Li® in natural lithium. The term (0.075)? appears when Li® is both the 
source of the charged particle and also the target for the particle so formed. 


TABLE VI 


Contribution of the different routes given in Table V to the production 
of Be? from irradiation of Li compounds 





Rate, RX 10'9 
Target (from Table I) Possible combinations 

16 LiOH 50 A + 0.075B + (0.075)*F + (0.075)°G 
17 LitOD 25 E+F+G 

18 LisOH 4.2 F+G 

19 Li®F 4.6 F+G 

20 LiF 2.4 C + 0.075B + (0.075)?F + (0.075)°G 
21. Tiel 11.0 D + 0.075B + (0.075)?F + (0.075)°G 
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The following conclusions can be drawn from Table VI. 

(a) The maximum value of F and G from [18] and [19] is 4.6 units of R. This, 
combined with [17], gives a minimum value of 20.4 for E. Reference to Table V 
shows that E refers to the formation of Be’ by the reaction Li®(d,v) Be’, with 
the deuterons being produced by neutron-—deuterium collisions. It may there- 
fore be concluded that this route accounts for at least 80% of the yield of 
Be’ when the compound LiOD is irradiated. 

(b) Since the maximum value of (F+G) is 4.6 units (as deduced from the 
irradiation of Li®F) the maximum value of (0.075)?(F+G) is 0.026 units. This 
latter quantity is therefore negligible compared to other quantities in every 
equation where it enters. From [20] it is evident that the maximum value of 
0.075B is 2.4 units; from [16] the minimum value of A is therefore 47.6 units. 
Clearly, neutron-hydrogen collisions are the main source of protons con- 
tributing to the rate of formation of Be? in irradiation of LiOH. 

(c) A similar argument shows that the minimum value of D is 8.6 units 
so that, just as with reactions with boron, protons from the Cl*(n,p) reaction 
can initiate nuclear reactions in a reactor. 

(d) From [18] and [19] it is seen that the rates of production of Be? in 
Li6OH and Li®F are essentially the same and involve two reactions. This is 
experimental verification that reaction [3], i.e. Li®(p,y) Be? reaction, is insig- 
nificant. Had reaction [3] been important, the rate of production of Be? in 
Li®OH should have greatly exceeded that in Li®F, since conclusion (c) above 
shows that neutron-hydrogen collisions are an effective source of protons in 
hydrogen-containing targets. 

(e) Separate values for C and B cannot be derived from the equations. One 
may argue from the values of the (”,p) cross sections on Li® and F!* and the 
abundance of these isotopes that the terms C and 0.075B could have about 
the same value. 

(f) F and G occur together and the contribution of these routes to the 
formation of Be’? depends only on the number of atoms of Li*; thus one cannot 
determine their individual values from the measurements in this paper. It is 
estimated, however, that F and G should contribute to about the same extent 
to the formation of Be’. This conclusion is based on the following argument. 

From the minimum values of .14 and E deduced above (47.6 and 20.4, 
respectively) it is seen that the Li’(p,2) reaction in LiOH is 2.5 times greater 
than that of the Li®(d,z) reaction in LiOD. From the neutron-hydrogen and 
neutron-deuterium reaction cross sections (Hughes and Schwartz 1958) it is 
calculated that the rate of production of protons in LiOH is about one-third 
that of deuterons in LiOD. Therefore for the same flux of protons and deuterons 
generated in a reactor the Li’(p,2) Be? reaction is seven times more probable 
than the Li®(d,) Be’ reaction. 

From the fission neutron cross sections given earlier, the rate of production 
of deuterons in Li‘OH or Li®F (by reaction [11] is six times higher than that 
of protons in LiF (by reactions [6] and [9]). From this statement and the con- 
clusion drawn in the paragraph above it follows that F, i.e. the rate of the 
Li®(d,n) Be? reaction in Li®F or Li8OH should be 6/7 of that of the Li7(p,7) Be’ 
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reaction in LiF. From Table I the rate in LiF is 2.4 units; thus F becomes 
2 units of rate. An average rate of 4.4 units has been observed experimentally 
in LiF and Li‘OH. The remaining 2.4 units are ascribed to the term G. This 
suggests that the tritons produced by reaction [15] can initiate a (t,2”) reaction 
in a reactor. This conclusion does not seem unreasonable since the cross 
section for the production of tritons having sufficient energy to initiate reaction 
[5] is 80 mb. 

A summary of the conclusions drawn from sections (a) to (f) is given in 
Table VII. It is evident from the yields given in Table I that none of these 


TABLE VII 


Summary of the conclusions drawn from Table VI 





Contribution of the various routes given in 


Target Table V 

LiOH p from n-H collisions Li"(p,n) 97% 

LiOD d from n-D collisions Li®(d,n) 80% 
d from Li® Li(dn) ~10% 
t from Lié Li%(t,2n) ~10% 

Li‘OH ~~ d from Li® Lif(dn) ~50% 

and 

LiF t from Lié® Li%(i,2n) ~50% 

LiF p from F!9 Li( pn) ~50% 
p from Li® Li pn) ~50% 

LiCl p from Cl* Li%(p,n) 90% 
p from Li Li%(p,n) 10% 





reactions leads to the production of large amounts of Be? in a reactor. How- 
ever, at least one of these reactions could be used to produce Be? in a reactor 
in places where cyclotron irradiations are not easily available. It is the (p,m) 
reaction induced by protons generated by neutron — hydrogen atom reactions 
in LiOH: under the conditions of our experiments 1 gram of LiOH irradiated 
for 20 days would yield 1 microcurie of Be’. 
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DECAY OF Au'%~1 


T. M. KAVANAGH 


ABSTRACT 


The isomeric state in Au!%* decays to the ground state with an initial M4 tran- 
sition of energy 175.5+0.5 kev, followed by 148.2+0.5 kev and 188.8+0.5 kev 
transitions in cascade; a transition of 85.0+0.5 kev is probably also in cascade 
with these transitions. There is evidence of a weak 135:9+0.5 kev transition 
converted in Pt, indicating a small electron capture branch in the decay. The 
half-life of the isomeric state is 9.5+0.3 hours. 


1, INTRODUCTION 


Evidence of an isomeric state in Au was first reported by McMillan et 
al. (1937), and later by Wilkinson (1949). More recently, Van Lieshout and 
co-workers (1959) have investigated the decay of this isomer in some detail; 
they report a half-life of 10.0+0.5 hours, and have established that decay 
proceeds to the Au™ ground state by four transitions in cascade. Energies 
and multipolarities of these transitions are given. 

The present paper describes an independent study of Au’ decay, carried 
out as a preliminary part of some Au!”(p,pxn) cross-section measurements 
(Kavanagh 1960a). The results are in excellent agreement with those of Van 
Lieshout e¢ al. Transition energies are given with greater precision in the 
present report, and there is evidence of a weak electron capture branch not 
observed in the earlier work. 

Sources for the measurements described here were obtained from (p,pm) 
reactions induced in Au” by protons from the McGill synchrocyclotron. The 
bombardment energy was about 28 Mev. Mercury contamination resulting 
from (p,x7) reactions in gold was removed from the thin target foils by heating 
them in a vacuum to about 800° C; the evaporated mercury was trapped in 
a liquid air trap. 


2. EXPERIMENTAL MEASUREMENTS AND RESULTS 


Gamma Ray Spectrum 

The gamma ray spectrum of Au!” obtained with a sodium iodide counter 
(size 1} in. by lin.) and multichannel analyzer is shown in Fig. 1. Effects 
due to the 6-day Au" ground state activity were removed from this spectrum 
by subtracting the spectrum of a source bombarded under similar conditions, 
but one week previous to the one containing the short-lived isomer; this was 
accomplished using the automatic subtraction facility in the Technical 
Measurement Corporation kicksorter. 

The Au” spectrum is similar to that presented by Van Lieshout et al., 
and shows gamma rays of energies 148+2 kev and 188+2 kev. The arrows 


1Manuscript received July 15, 1960. ‘ ; : 
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Fic. 1. Pulse height spectrum from Au’ radiation detected by a sodium iodide counter 
(crystal size 13 in. by 1 in.). The arrows along the top of the graph represent energy cali- 
bration points, and the arrows along the bottom designate transition energies determined 
from conversion electron measurements. The broad peak centered in channel 100 is probably 
due to Au’ activity. 


along the top of Fig. 1 represent energy calibration points, and the arrows 
along the bottom of the graph represent transition energies determined from 
conversion electron measurements described below. The broad peak centered 
in channel 100 is probably due to small amounts of Au’ produced in (p,p37) 
reactions. 

A single crystal coincidence experiment indicated that the gamma rays 
are emitted in cascade. A source was sandwiched between two sodium iodide 
counters connected to act as a single counter of about 95% geometrical 
efficiency. A strong sum peak corresponding to an energy of 336 kev indicated 
coincident emission of the 148- and 188-kev radiations. This sum peak was 
distinguished from the gamma ray peak due to ground state decays by a 
subtraction procedure similar to that outlined above. 


Half-life Determination 

The decay of the double peak due to 148-kev and 188-kev total energy 
events was followed with a 5in. by 5in. sodium iodide counter; use of the 
large crystal strongly reduced Compton background from gamma rays that 
follow Au'® ground state decays. A half-life of 9.50.3 hours was observed, 
in good agreement with the value of 10.0+0.5 hours reported by Van Lieshout 


et al. 


Conversion Electron Measurements 

Conversion electron spectra were obtained with both a Slatis-Siegbahn 
type beta spectrometer and a high resolution 180° permanent magnet spectro- 
graph. Only the latter measurements need be reported since Van Lieshout et 
al, have presented a spectrum similar to that obtained with the Slatis—Sieg- 


bahn spectrometer. 
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A line source for the 180° spectrograph was prepared by bombarding a 
strip of gold foil 0.001 in. thick by 0.010 in. wide. The bombardment time 
was 8 hours. After removal of mercury, the gold foil was mounted directly 
in the spectrograph. The photographic plate in the spectrograph was exposed 
for 3 days, and a masking procedure was used to give an indication of the 
half-lives of the various conversion lines: a longitudinal strip 3 the width of 
the plate, and along one edge of the plate, was masked for 9.5 hours, and 
then the mask was reversed to cover the opposite 4 of the plate for the remain- 
der of the exposure. The center 3 of the plate was thus exposed for the whole 
period, and lines with a half-life of 9.5 hours appeared with equal blackening 
on the two outer portions of the plate. The plate showed 29 conversion lines. 
Due to the width and thickness of the source the lines were fairly broad, but 
Ly, Ly, and L;;; components were clearly resolved. The magnetic field of the 
spectrograph was calibrated with a radio-thorium source. 

The experimental data are summarized in Table I. Electron energies are 
estimated to be accurate to within 0.2 kev, and in making assignments the 
various electron energies, together with the binding energies in the assigned 
shells, were required to add to within 0.5 kev. 

The decay of the isomeric state involves transitions in gold of energies 


TABLE I 
180° Spectrograph data 


Conversion Probable 
Line electron energy half-life Assignment 
1 51.1 kev Auger 
2 52.8 s 
3 53.3 = 
4 55.2 - 
5 57.4 (weak) 9.5 hours K 135.9 kev transition in Pt 
6 61.7 Auger 
a 63.9 = 
8 67.3 9.5 hours K 148.2 kev transition in Au 
9 71.3 a Lit 85.0 kev transition 
10 WO ” Lr 85.0 kev - 
11 81.9 - My 85.0 kev " 
12 87.8 <9.5 hours ? 
13 94.6 9.5 hours K 175.5 kev ‘i in Au 
14 108.1 . K 188.8 kev : e 
15 122.1 (weak) e L1 135.9 kev S in Pt 
16 124.3 (weak) a Ly11 1385.9 kev" s 
17 134.6 w Li 148.2 kev ig in Au 
18 136.4 mn L111 148.2 kev "” sii 
19 143.7 (weak) ss M 148.2 kev " . 
20 145.4 (weak) ” M 148.2 kev * 
21 161.1 ’ Li 175.5 kev = re 
22 163.8 ” Lin 175.5 kev - - 
23 172.3 ii M,175.5kev ” 
24 172.9 wy My11 175.5 kev ” " 
25 174.9 = LyorLiry 
188.8 kev i ” 
26 255.6 6.1 days K 334.0 kev i in Pt 
27 275.7 (weak) % K 354.1 kev i 2 
28 278.4 o K 356.8 kev = " 
29 343.1 re K 426.3 kev os in Hg or 


L; 356.8 kev es in Pt 
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148.2+0.5 kev, 175.5+0.5 kev, and 188.8+0.5 kev. A weak 135.9+0.5 kev 
transition converted in Pt indicates a small electron capture branch. Table I 
also shows an 85.0+0.5 kev transition; it has been assumed that this tran- 
sition is converted in gold since relative intensities of the 85.0- and 175.5-kev 
lines indicate that these transitions are in cascade. Van Lieshout et a/. have 
shown that the 148.2- and 188.8-kev transitions are also in cascade with the 
175.5-kev one. 

Relative intensities of L-subshell conversion lines indicate that the 175.5-kev 
transition is probably M4. Other multipolarity assignments made on this basis 
are more ambiguous. The 148.2-kev transition is probably E2, but relative 
intensities are consistent with the assignment of a higher electric multipolarity. 
Similarly the 85.0-kev transition can be electric with multipolarity 2 or 
greater, the 135.9-kev transition can be M3 or M4, and the 188.8-kev tran- 
sition El, M1, or M2. 

Conversion lines from decay of the 6-day ground state of Au’ are also 
shown in Table I, and the results agree fairly well with those of previous 
investigations (Strominger ef al. 1958). Most previous workers have reported 
energies of about 332 and 354 kev for the transitions in Pt, and an energy 
of 426 kev for the transition in Hg; however, Kane and Frankel (1957) 
report energies of 334.0 and 356.5 kev for the transitions in Pt, in excellent 
agreement with the present work. There is, however, a very weak line that 
could be interpreted as the K-line for a 354.1-kev transition. It should be 
pointed out that measurements of the Au'® ground state half-life carried out 
in this laboratory (Kavanagh 19600) are in good agreement with the value 
of 6.10+0.02 days reported by Yule and Turkevich (1960). 


3. DECAY SCHEME 

The decay scheme shown in Fig. 2 is essentially that proposed by Van 
Lieshout et al.; the transition energies given are from the present work. The 
multipolarities shown for the transitions in gold are from the earlier paper, 
and L-subshell conversion ratios from the present work are consistent with 
these assignments. Absence of the Z,,;; line for the 188.8-kev transition in 
the 180° spectrograph spectrum described here indicates that the E2 admixture 
considered by Van Lieshout et a/. for this transition must be small. In this 
decay scheme the order of the last three transitions in gold has not been 
established. 

A transition of 135.9+0.5 kev energy, converted in platinum, has been 
observed in the present experiments and this indicates a small electron capture 
branch. This transition is probably in cascade with the transitions in Pt! 
that follow electron capture in the Au’ ground state. Since the conversion 
lines associated with this transition were very weak, and since no unconverted 
gamma rays of this energy were observed, it is concluded that the electron 
capture branching ratio is small, and probably less than 10%. 


I wish to thank the National Research Council for scholarships held during 
the course of this work. 
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1755 kev 


135-9 kev |(M3,4) 


85-0 kev 





Fic. 2. Decay scheme of Au!®™, The order of the three lower transitions in gold is not 
known. Except for the small electron capture branch, this decay scheme is similar to that 
proposed by Van Lieshout et al. 


REFERENCES 
KANE, J. V. and FRANKEL, S. 1957. Bull. Am. Phys. Soc. Ser. II, 2, 25. 
KAVANAGH, T. M. 1960a. Bull. Am. Phys. Soc. Ser. II, 5, 347. 
19606. Thesis, McGill University. 
McMILLAN, E. M., KAMEN, M., and RUBEN, S. 1937. Phys. Rev. 52, 375. 
STROMINGER, D., HOLLANDER, J. M., and SEABORG, G. T. 1958. Revs. Modern Phys. 30, 
585. 
Van LiesHout, R., Grrois, R. K., Ricci, R. A., Waprstra, A. H., and Yruter, C. 1959. 
Physica, 25, 703. 
Witkinson, G. 1949. Phys. Rev. 75, 1019. 
Yue, H. P. and TurKkevicn, A. 1960. Phys. Rev. 118, 1591. 


not 


that 


30, 


959. 


INTERNAL ATMOSPHERIC GRAVITY WAVES AT 
IONOSPHERIC HEIGHTS' 


C. O. HINES 


ABSTRACT 


Irregularities and irregular motions in the upper atmosphere have been detected 
and studied by a variety of techniques during recent years, but their proper 
interpretation has yet to be established. It is shown here that many or most of 
the observational data may be interpreted on the basis of a single physical 
mechanism, namely, internal atmospheric gravity waves. 

A comprehensive picture is envisaged for the motions normally encountered, in 
which a spectrum of waves is generated at low levels of the atmosphere and 
propagated upwards. The propagational effects of amplification, reflection, inter- 
modulation, and dissipation act to change the spectrum continuously with 
increasing height, and so produce different types of dominant modes at different 
heights. These changes, coupled with an observational selection in some cases, 
lead to the various characteristics revealed by the different observing techniques. 
The generation of abnormal waves locally in the ionosphere appears to be 
possible, and it seems able to account for unusual motions sometimes observed. 


1.. INTRODUCTION 


Much attention has been devoted in recent years to the detection and 
measurement of irregular motions in the D, E, and lower F regions of the 
upper atmosphere, and to the occurrence of irregular density distributions at 
the same heights. Only tentative interpretations have been put forward until 
recently, and in the main these have been based on the presumed occurrence 
of turbulence. It appears, however, that many of the motions and inhomo- 
geneities may have their origin in a much more organized fluctuation of the 
atmosphere, namely, in propagating atmospheric waves controlled by gravita- 
tional and compressional forces. The preliminary support for such a conclusion 
has been presented elsewhere (Hines 1959a); it is here amplified and in some 
respects superseded. 

Meteor trails provide the most direct evidence for motions of the type to be 
considered, and their observation has yielded the best quantitative data now 
available for the heights at which they lie. Some characteristics of the motions 
they reveal are summarized in Section II, and are there compared with the 
corresponding properties of internal atmospheric gravity waves. These waves 
are found to provide an adequate interpretation of the observations. Two 
possible sources of their energy are proposed and discussed: tidal oscillations 
and low-altitude wind systems. 

Some other manifestations of irregularities and irregular motions at very 
similar heights are discussed in Section III. They consist of partial reflection 
and scattering of radio waves from inhomogeneities of ionization in the D 
and E regions, and ‘drift’ observations of radio diffraction patterns produced 
by moving irregularities in the E and lower F regions. The possible role of 

1Manuscript received July 7, 1960. 
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atmospheric waves in each of these phenomena is indicated but not pursued 
in detail. A relatively distinct form of moving irregularity, most often detected 
in the F region and usually termed a ‘large-scale travelling disturbance’, seems 
likely to find its most appropriate interpretation in terms of the same wave 
mechanism, and it, too, is discussed in Section III. 

The mathematical development is confined to Section IV, and is in the 
nature of an appendix to the earlier arguments. The analysis is simplified to 
an extreme, for it largely neglects certain aspects of the actual wave process 
which must be taken into account in any comprehensive development. This 
simplified attack is useful, however, in that it permits a straightforward 
derivation and hence a clearer appreciation of the essential features of what 
has been until now a relatively neglected type of wave motion. The compli- 
cations encountered in the actual atmosphere will change some of the deduced 
relations quantitatively and in certain respects qualitatively, but with one 
exception they are set aside for subsequent study. 

Some concluding remarks are contained in Section V. 


Il. WINDS REVEALED BY THE DISTORTION OF METEOR TRAINS 


II.1. Outline of Observations 

Long-enduring meteor trains often become rapidly distorted from their 
initial straight-line shape, being carried about by ‘winds’ in the atmospheric 
regions where they are formed (roughly 80-115 km above the earth). Early 
visual means of determining the winds have now given way to much more 
accurate photographic observations (notably, those made under the auspices 
of the Harvard College Observatory) and radar techniques (applied most 
thoroughly at the University of Manchester, Stanford University, and the 
University of Adelaide). 

No attempt will be made here to summarize all aspects of these observations 
nor the details of their earlier interpretation. Instead, some of the salient 
features pertaining mainly to the smaller scale irregular motions will be 
recorded, in order to permit a rapid comparison with the wave interpretation. 
These features are abstracted primarily from the papers of Liller and Whipple 
(1954) and Greenhow and Neufeld (1959), but other publications and private 
discussions support a belief that they are fairly representative of the motions 
concerned. 

The winds under discussion are illustrated by Fig. 1, which is drawn after 
Liller and Whipple (1954). The horizontal and vertical scales of this figure 
are such that the depicted curve could represent a direct photograph of a 
distorted meteor train, 200 seconds after the formation of the train along a 
vertical straight line. In actual fact, the velocities were deduced from a 
succession of photographs extending over a period of only 17 seconds. 

A large-scale shear of the wind system is apparent in Fig. 1, changing from 
a general motion towards the right at the bottom into a general motion towards 
the left at the top. This shear is probably attributable to prevailing and tidal 
winds; it is not of immediate concern here. 
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Fic. 1. Sample profile of one component of the wind velocity at meteor heights, after 
Liller and Whipple (1954). The abscissa measures speed to the right and to the left from 
the ‘0’ position; speeds to the left are treated as negative in the text. 


Superimposed on the general shear of the wind system are very strong 
smaller scale fluctuations, characterized by reversals in vertical distances of a 
few kilometers and revealing winds of the order of tens of meters per second. 
It is these irregular winds which are here to be interpreted in terms of atmos- 
pheric waves. They are to be thought of as random movements resulting from 
the superpositioning of many oscillatory motions, each in turn associated 
with a specific mode of atmospheric wave propagation. 

The salient properties of these irregular winds, which any theoretical 
interpretation must seek to explain, include the following: 

(i) The irregular wind components exhibit strong variations in vertical 
distances of a few kilometers. The 90-km level may be taken as representative, 
and there a height interval of about 6 km is sufficient to provide a complete 
reversal of the irregular velocity (Millman 1959; Bowles 1959). This is about 
half the interval that might be implied from autocorrelation analyses, wherein 
the autocorrelation coefficient falls to zero and not to a negative extremum 
for vertical separations of 6km (Liller and Whipple 1954; Greenhow and 
Neufeld 1959), but it seems to be more appropriate in the present context. 
The discrepancy is associated with a contamination of the autocorrelation 
values, introduced by the large-scale shear and by the dominating winds of 
the higher altitudes, as will be seen quantitatively later in this section. The 
6-km scale of reversal leads to a value of 12 km for the ‘vertical wavelength’ 
(= the vertical spacing between two nodal planes whose phases differ by 
27) in the wave interpretation, and this value will be adopted accordingly as 
representative of the dominant mode of oscillation. 

(ii) The dominant winds at any given position persist with little change for 
many tens of minutes at a time, and tend to reach zero autocorrelation only 
after an interval of about 100 minutes (Greenhow and Neufeld 1959). The 
scaling factor which relates this value to the period of the dominant mode, in 
the wave interpretation, is not at all clear, if only because contamination by 
unresolved tidal components may be present, but an empirical analogy with 
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the results quoted in (i) suggests a value of 200 minutes as a representative 
period. This value is certainly appropriate within a factor of 2, and such a 
factor is shown explicitly in the subsequent illustrations. (The theory should, 
however, include coriolis forces at periods longer than 200 minutes, and this 
complication has not been taken into account.) 

(iii) The horizontal scale size of the irregular winds exceeds the dominant 
vertical scale size by a factor of 20 or more (Greenhow and Neufeld 1959). 
The most representative value to employ as a ‘horizontal wavelength’ (= the 
horizontal spacing between two nodal planes whose phases differ by 27) is 
subject to uncertainties associated with the autocorrelation analysis, as before, 
but it must lie in the hundreds of kilometers. 

(iv) The dominant motions are nearly horizontal. Vertical motions have 
been sought without substantial success, with the possible exception of the 
smallest scale components (Manning, Peterson, and Villard 1954; Manning 
1959). Most observational data are now routinely reduced on the assumption 
that the motion is essentially horizontal at meteor heights. In terms appro- 
priate to a wave interpretation, it seems reasonable to assert that any vertical 
motions spectrally associated with the dominant horizontal motions are less 
than 10% of the latter. 

(v) The speed of the dominant irregular winds tends to increase with height 
(Liller and Whipple 1954). 

(vi) The dominant scale size increases with height, as may be seen in Fig. 1 
and in other curves presented by Liller and Whipple. The smallest detected 
vertical structure size similarly increases with height. Vertical wavelengths 
of 1 km centered at a height of 87 km, and 6km centered at a height of 
108 km, are typical of the smallest scales depicted in Fig. 1, and may be 
indicative of general conditions. (The 1-km value might represent a minimum 
resolution in the optical technique, but Manning (1959) has derived it by 
quite independent radio means.) 

In the remainder of this section, it will become apparent that properties 
(iii)—(vi) can be deduced directly from the assumption of atmospheric waves 
as the pertinent mechanism, once properties (i) and (ii) are specified. The 
basic causes of properties (i) and (ii) may be expected to be found when the 
excitation process is understood, and first attempts at such an understanding 
are therefore also indicated. 


II.2. The Wave Interpretation 

The properties of adiabatic waves propagating through an otherwise 
stationary and isothermal atmosphere are described in Section IV (which 
might best be read at this point, by those who prefer to establish the mathe- 
matical background before discussing its implications). Both compressional 
and gravitational forces must be considered in the treatment, and at periods 
of many minutes the gravitational forces introduce a profound anisotropy 
into the behavior pattern. The waves of present concern, with periods of 
200 minutes or so, may then be described conveniently as atmospheric gravity 
waves. 
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Two distinct classes of these waves merit special consideration. They share 
the property that they are unattenuated in the horizontal direction (in the 
absence of dissipative forces), but they differ radically in their vertical varia- 
tions. The one class, which may be designated as ‘surface’ waves, may vary 
exponentially in the vertical direction but can support no phase propagation 
in that direction. Specifically, these waves are unable to provide the vertical 
phase variations which would account for the vertical structure observed. 
They will therefore receive no further consideration here. 

The second class consists of ‘internal’ waves, which can support a substantial 
vertical component of phase propagation. These waves are the low-frequency 
equivalents of acoustic waves, and they include, if coriolis forces are taken 
into account, the tidal waves which are already known to exist in the atmos- 
phere. Their properties will now be examined with respect to the irregular 
meteor-height winds. 

Internal atmospheric gravity waves exist at periods greater than a certain 
characteristic value, given by 


(1) Tj; = 2nC/g(y—1)? 


in the idealized circumstances treated in Section IV. Here C is the speed of 
sound (~ 280 m/s, say, at meteor heights), g is the gravitational acceleration 
(~ 9.5 m/s? in the same region), and y is the ratio of specific heats (probably 
1.40). Thus 7, ~ 4.9 minutes in the present instance. It is evident that the 
periods of the dominant observed modes greatly exceed 7. 

In these circumstances, and for sufficiently small structure sizes (including 
those revealed by the deformation of meteor trains), certain ‘asymptotic’ 
relations apply to the parameters that describe these waves. One such is the 
asymptotic dispersion relation, which may be written in the form 


(2) Az/Az ~~ T/Tz, 


where X,; is the horizontal wavelength, \, is the vertical wavelength, and 7 is 
the period of the oscillation. (The mathematical analysis of Section 1V employs 
the standard form of wave-number components, k, and k,; in terms of them, 
A, = |2r/k,| and A; = |27/k,|.) Insertion of the values }\,~12km and 
tT ~ 200 minutes, from properties (i) and (ii) above, then yields \, ~ 490 km 
which is certainly adequate to meet property (iil). 

A second applicable asymptotic relation is that connecting the horizontal 
and vertical components of atmospheric velocity, U, and U,: 


(3) U,/U, = z/dz- 


Insertion of the preceding values will now reveal that U, exceeds U, by a 
factor of 40, which is in accord with property (iv). 

Internal atmospheric gravity waves tend to increase their amplitudes of 
oscillation with increasing height, in proportion to exp(ygz/2C?) where z is a 
co-ordinate measured vertically upwards. This variation is readily interpreted 
in terms of energy flux, since it just compensates for the upward decrease of 
atmospheric density (in proportion to exp(—ygz/C?)) in maintaining the flux 
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constant. The amplification is of great significance to the whole subject of 
these waves, as will be seen in the following subsection. Here, however, it 
may simply be noted that the amplification appears to account for property (v) 
listed above, although a quantitative comparison is complicated by super- 
imposed damping effects due to energy dissipation, and may be further 
complicated by intermodulation. In the absence of such effects, Fig. 2 gives a 
pictorial summary of the various attributes of the dominant modes as discussed 
so far. 





Fic. 2. Pictorial representation of internal atmospheric gravity waves. Instantaneous 
velocity vectors are shown, together with their instantaneous and over-all envelopes. Density 
variations are depicted by a background of parallel lines lying in surfaces of constant phase. 
Phase progression is essentially downwards in this case, and energy propagation obliquely 
upwards; gravity is directed vertically downwards. 


Two basic causes of energy dissipation necessarily affect wave propagation: 
molecular viscosity and thermal conductivity. These generally become signi- 
ficant under very similar conditions, and so a calculation of the damping due 
to either one of them should be sufficient for present purposes. This calculation 
is made in Section IV, and only its more pertinent consequences will be 
recorded at this point. 

The rate of energy dissipation is proportional to the kinematic viscosity, 
which in turn is almost inversely proportional to the gas density. Dissipation 
therefore becomes increasingly important at greater heights. Further, dissi- 
pation tends to be more important in the waves which have the smaller scale 
sizes. Consequently, viscosity is likely to remove from a wave train the modes 
with the smaller scale sizes, and, if the train is progressing upwards, to remove 
more and more of these modes as successively greater heights are reached. 

Various criteria might be introduced at this point to establish the height 
at which dissipation becomes important for a given mode, but their validity 
would in fact depend on the particular purpose for which they were derived 
and on an assumption as to the region of wave generation. For the present 
paper, an arbitrary choice is made which should at least be satisfactory for 
many order-of-magnitude estimates. A viscous cutoff is assumed to occur in 
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those modes whose rate of energy dissipation, if maintained over a full period 
of the oscillation, would be just sufficient to exhaust the excess energy available 
in the wave motion; less dissipative modes are considered to be ‘permitted’, 
and more dissipative modes to be ‘excluded’. 

On this basis, it is possible to put a lower limit on the vertical wavelengths 
permitted in the upper atmosphere, and this limit is depicted in Fig. 3. It 
corresponds, incidentally, to modes of oscillation whose periods are about 10 
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Fic. 3. Abstract of viscous effects. The ‘excluded—permitted’ demarkation line represents 
the smallest vertical wavelengths that can be propagated at meteor heights, without an 
overriding dissipation of energy. The demarkation line for periods of 200 minutes is shown 
as a broken line. The X's indicate the smallest wavelengths apparent in Fig. 1. The dominant 
modes of oscillation at 90 km are depicted, with a spread or possible error of a factor of 2 
shown by the horizontal bar. 


minutes. Modes having other periods, both greater and smaller, have some- 
what greater lower limits on their permitted scale sizes, and the limits for 
periods of 200 minutes are illustrated in Fig. 3. (See Section IV, Fig. 11, for 
a more complete representation.) Also shown in Fig. 3 are the smallest vertical 
wavelengths found at 87- and 108-km heights, as listed in property (vi) 
above. It is evident that this property is readily explained as a consequence 
of viscosity, at least insofar as the general trend and orders of magnitude 
are concerned. 

The dominant mode at 90-km heights is also indicated in Fig. 3, and may 
be seen to lie well in the permitted region; in fact, at the 90-km level, it 
dissipates only 1/80th of its energy each cycle. It would be rapidly damped 
at 110 km, however, and so must there give way to some less dissipative larger 
scale mode of oscillation. Herein lies a partial explanation for the general 
tendency towards an increase in the scale of the dominant mode at greater 
heights, recorded in property (vi). A full explanation depends in part of course 
on the spectrum of generated waves, and so can come only when the excitation 
process is understood. 

The conflicting consequences of the exponential growth of velocity amplitude, 
in the absence of dissipation, and of the increasing importance of dissipative 
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processes at greater heights, can be resolved to some extent by suitable 
analysis. As an illustration, the wind system depicted in Fig. 1 has been 
rescaled by the following procedure: an arbitrary shearing wind has been 
removed, varying linearly from +20 m/s at 82km to —42 m/s at 113 km, 
the residual winds have been multiplied by the square root of the atmospheric 
density (as derived from the ARDC model atmosphere of Minzner, Champion, 
and Pond (1959)) to remove the amplification factor, and the result has been 
plotted in Fig. 4. This figure can now be thought of as a representation of a 
wave train propagating from bottom to top, subject to the dissipation of its 
smaller scale content as it progresses, and with its unfamiliar amplitude growth 
suppressed. 


10 


100 


Km 


me 


O 


Fic. 4. Normalized wind profile at meteor heights, measured to the right and to the left 
from the ‘0’ position, deduced from Fig. 1 by the removal of the general shear and the reduction 


of the residual by a factor proportional to po?. 


Insofar as the amplitude of the larger scale components at the top is equal 
to that at the bottom, this analysis confirms quantitatively the theoretical 
prediction of the exponential growth with height. Further, it now permits a 
more appropriate assessment of a representative vertical scale of the irregular 
winds, for the general shear has been removed and the greatly amplified 
oscillations at high levels no longer dominate over equally energetic modes 
found at lower levels. The autocorrelation coefficient of the curve in Fig. 4 
falls to zero at a displacement of 4.0 km, in contrast to the displacement of 
6.6 km appropriate to Fig. 1 (Liller and Whipple 1954). Even this new value 
must be considered to be an average over the range of heights depicted, and 
so most appropriate to the 97-km level. A somewhat smaller value, perhaps 
3 km, should then apply at 90 km. On this reasoning, the revised autocorrela- 
tion analysis confirms the 12-km vertical wavelength quoted in property (i) 
above. 
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This completes the comparison of the theory with the meteor observations. 
It will be apparent already that internal atmospheric gravity waves provide 
an adequate empirical interpretation of the motions observed. Their further 
substantiation must be based on additional comparisons with observation, 
and on the identification of a plausible mechanism for their generation. The 
latter aspect will now be considered. 


IT.3. Wave Generation 

There appear to be two major mechanisms available for the production 
of the waves discussed above. One of these derives its energy from the tidal 
oscillations of the atmosphere, and it produces the small-scale waves more or 
less in situ. The second has its origins in the wind systems of the tropospheric 
(or stratospheric) regions, and depends on an upward propagation of energy 
to meteor heights. This mechanism is in some respect preferable to that of 
the tides, but neither necessarily excludes the other; each will be discussed 
in turn. 

Tidal oscillations of the upper atmosphere are now understood in broad 
outline and in many of their detailed features. (See Hines (19590) for a short 
review of the subject and for pertinent references.) One of their most notable 
features consists of the upward amplification of the wind systems they generate, 
roughly in accordance with the factor exp(ygz/2C?) already noted for internal 
gravity waves. This amplification is arrested, in the case of the dominant 
semidiurnal component, in the height range 50-80 km above the earth, where 
most of the tidal energy is reflected downwards as a consequence of the local 
thermal decline. An appreciable part of the energy does penetrate to a freely 
propagating region above, however, and there the amplification of the winds 
continues as the height increases. At a height of 90 km, a representative tidal 
wind speed would be 20 m/s and a representative rate of growth 1.6 m/s km 
(or 8% per km), as revealed by meteor data. 

Meteor observations indicate a change of phase with height as well, in 
agreement with theory. This may be extrapolated upwards to heights of 
110-115 km, where it comes into agreement with the tidal phase revealed by 
E-region ‘drift’ observations. The tidal winds revealed by these ‘drifts’ are, 
however, still only of the order 20-30 m/s, and so are quite inconsistent with 
an empirical extrapolation of the meteor measurements and with the theoretical 
growth (see Fig. 5). The tides appear then to lose much of their energy some- 
where between heights of 90 and 115 km, and this loss cannot be explained 
adequately by molecular transport phenomena nor by hydromagnetic damping. 

The occurrence of an abnormal effect should not be surprising, however, 
for the nature of the tidal oscillation undergoes a severe change at the heights 
concerned. Whereas linear (perturbation) theory is adequate to describe the 
motion at lower levels, the amplification with height renders such a simplifi- 
cation inaccurate at 90-100 km altitudes. Density variations there are of the 
order of 10%, for example, and other contributions to non-linear effects are 
of a similar order. These values would be increased to 50-100% at the 115-km 
level, if the exponential growth appropriate to the linear theory should persist, 
so it is quite clear that new considerations must become pertinent. 
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Fic. 5. Variation of tidal amplitude with height. The meteor measurements derive largely 
from Greenhow and Neufeld (1955), the drift measurements from Briggs and Spencer (1954). 
The theoretical curve is drawn on the assumption that the amplitude varies as po~#, with po 
taken from Minzner, Champion, and Pond (1959). 


It seems not unreasonable to suppose that there would be a tendency 
towards the generation of some form of higher harmonic, or even of a broad 
spectrum, of related atmospheric waves. A cascade process analogous to that 
pictured in turbulence theory might well develop, whereby energy is passed 
into the smaller scale modes of propagation where it can be more readily 
dissipated. All modes of atmospheric oscillation might be involved in the 
process, but the internal gravity waves should receive a substantial portion 
of the cascading energy since they are of the same family as the parent tidal 
motions. This, then, provides one possible mechanism for the generation of 
the waves previously discussed. 

It may not, by itself, be an adequate mechanism for the complete spectrum, 
however, for it appears to suffer from one limitation. The cascade process 
would tend to work more effectively at the greater heights, and the waves 
detected at (say) 90 km might then be expected to have propagated down- 
wards from a region of generation above. But at the 90-km level the spectrum 
contains waves of smaller scale than can be supported at (say) the 100-km 
level, and they must then have been generated locally by waves of inter- 
mediate scale propagating their energy downwards from the primary inter- 
action region. The latter waves would, however, be diminishing in amplitude 
as they descended, and the efficiency of the cascade process would then be 
falling; the likelihood of small-scale generation would be diminishing, and it 
is questionable whether small-scale winds with speeds comparable to those 
of the intermediate scales would be produced. The possible importance of 
this objection is as yet difficult to assess. 

The second proposed mechanism is much more direct in concept. Distur- 
bances associated with wind and weather systems in the lower atmosphere, 
or with possible instabilities in the middle atmosphere, may be expected to 
generate at their boundaries atmospheric waves which would propagate away 
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through the undisturbed regions. This fact has apparently not been studied, 
and consequently little is known as to the order of magnitude of the wave 
amplitudes which might arise immediately adjacent to the source regions. 
However, in view of the decrease of density between the ground and the 
90-km level, by a factor of 510°, it is evident that the amplitudes of plane 
internal gravity waves could increase over the same height range by a factor 
of 700. Accordingly the observed upper atmospheric winds could be produced 
by a process of wave generation in the lower atmosphere, whose associated 
oscillatory motions there would be only a few centimeters per second and 
whose fractional density variations would be about one part in 10° or 10*. It 
does not seem unlikely that wave amplitudes of this order would in fact be 
produced in the troposphere quite commonly. Alternatively, waves generated 
in the middle atmosphere as a consequence of some instability process might 
provide the requisite energy, although their initial amplitudes would have to 
be correspondingly greater. 

Propagation of energy upwards from low levels entails a further process 
which will be treated only briefly in the present paper: reflection of waves 
at a ‘thermal barrier’. Temperature variations in the atmosphere modify the 
simple picture of wave propagation so far employed, and some of their effects 
are indicated formally in Section IV. It is sufficient for immediate purposes 
to note that some modes of oscillation (including the semidiurnal tidal com- 
ponent) are strongly reflected in the middle atmosphere and cannot propagate 
through to the upper regions except in a severely attenuated form. It is 
reasonable then to expect these modes to be virtually absent from the spectrum 
observed at 90 km, if the upward propagation of wave energy is indeed the 
pertinent mechanism. Since other modes of propagation are removed by viscous 
dissipation as previously discussed, the available spectrum could be in the 
end severely restricted. 

These considerations form the basis of Fig. 6, wherein the available spectrum 
appropriate to 90-km heights is illustrated. The various modes of propagation 
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Fic. 6. The spectrum of wavelengths available at 90 km, following propagation from the 
lower atmosphere, is shown by the unhatched area. The dominant modes at 90 km are also 
depicted, with a spread or possible error of a factor of 2 indicated by the shaded region. 
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are here characterized by their horizontal and vertical wavelengths, although 
any point in the A,—A, domain is of course associated with a specific period 
of oscillation as determined by the dispersion equation. (See Section IV, Fig. 
11, for a more complete description.) The two large shaded areas in Fig. 6 
represent the reflected and dissipated modes, and so the unshaded area depicts 
the available spectrum. The dominant observed modes are also illustrated, 
and are found to lie centrally in the permitted range. Clearly, low-altitude 
generation of the meteor-height motions must be seriously contemplated. 


il. ADDITIONAL INDICATIONS OF ATMOSPHERIC WAVES 


III.1. Radio-wave Scattering in the D and E Regions 

Irregularities of electron density in the D and lower E regions have been 
studied by the scattering of radio waves at various frequencies. A good deal 
of agreement exists between different workers as to the most important 
scattering heights in the normal ionosphere. In an idealized picture, these 
might be taken to lie immediately above a base in the 80-95 km range and 
immediately above a second base in the 65-75 km range (Gregory 1956). For 
the inoment, attention will be confined to the latter. 

Observations of the lower scattering region obtained at low frequencies 
might best be interpreted in terms of a ledge of ionization at the appropriate 
height, due, perhaps, to a quasi layer formation. At medium frequencies, 
however, the evidence suggests that some further process must be operative. 
The fading behavior and range distribution of the returned signals are such 
as to suggest that the scattering is produced by a few irregularities at a time, 
and that these irregularities are appreciably anisotropic (Gardner and Pawsey 
1953; Fejer and Vice 1959). Dieminger (1955) has observed day-to-day 
variations in the occurrence of the echoes, and this has led him to suggest 
that some form of atmospheric meteorology is likely to be involved in the 
process quite apart from any regular layer formation that might be envisaged. 
It is tempting to look for an interpretation of the anisotropy and of the 
meteorology in terms of internal atmospheric gravity waves. 

No attempt will be made here to develop such an interpretation in detail, 
but certain pertinent factors do bear consideration. Application of conventional 
scatter theory (Booker 1959) to the case of backscatter leads to the following 
conclusion: the important irregularities of electron distribution are those whose 
‘corrugation wavelengths’ in a spacial Fourier analysis are equal to half the 
radio wavelength, or typically 75 m in the medium-frequency observations. 
Atmospheric wavelengths of this same magnitude then warrant initial con- 
sideration. 

Reference to Section IV (Fig. 11) will reveal that, in the model atmosphere 
there adopted, atmospheric waves with wavelengths of 75 m cannot propagate 
without severe dissipation at heights above 80 km, and that, even at lower 
heights, dissipation is extreme except for waves propagating at an angle 
sufficiently off the vertical. For example, at 60 km the waves must have an 
off-vertical angle > 5°, and at 70 km this is raised to 15°; waves propagating 
at angles closer to the vertical are simply removed by viscous damping. 
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Insofar as the atmospheric waves are of importance to the medium-frequency 
results, then, it may be expected that the region of most intense scattering 
will be determined by the competing effects of dissipation on the one hand 
and the upward growth of electron densities and wave amplitudes (« exp 
(ygz/2C*]) on the other. Indeed, the very occurrence of significant scattering 
may depend on the occurrence of a region of overlap between appreciable 
75-m atmospheric waves and appreciable electron densities. Day-to-day 
variations in the atmospheric wave spectrum and perhaps in the dissipative 
cutoff could then provide the meteorology suggested by Dieminger, while 
inherent limitations on the possible region of overlap would result in the 
normal confinement of the scatterers to a relatively restricted range of heights. 
The anisotropy reported by Gardner and Pawsey and by Fejer and Vice 
would, on the present interpretation, imply a limited angular spectrum (or 
what is equivalent for these waves, frequency spectrum), since it was based 
on a limited spread of observed slant ranges. 

The model just proposed implies two features that may be open to experi- 
mental check. Since the important atmospheric waves propagate at an off- 
vertical angle, the important signal returns would also come from off-vertical 
angles. Whether this is a measurable effect or not will depend in part on the 
angular spectrum of the atmospheric waves and on the relative heights. of 
appreciable ionization and atmospheric dissipation, in addition to ordinary 
equipment limitation. It is further subject to some uncertainty in that the 
corrugation wavelengths of importance are those in the electron distribution, 
whereas the discussion so far has concerned only the real wavelengths of the 
atmospheric oscillation. The conversion is by no means direct, because of the 
superimposed vertical variations of wave amplitude and electron concentra- 
tion. The second predicted feature is subject to fewer uncertainties: longer 
radio wavelengths should tend to scatter from somewhat greater heights, 
because the related atmospheric waves will reach maximum amplitude at 
greater heights, provided only that the electron concentration does not 
diminish appreciably. 

The scattering centers observed at heights above 80 km will now be dis- 
cussed. They are neither anisotropic nor severely confined in height. Moreover, 
their corrugation wavelengths as currently interpreted (Booker 1959; Bowles 
1959) are much smaller than could be supported by propagating waves at 
the heights concerned. There seems to be no reason to depart from the prevalent 
interpretation of them as manifestations of turbulence. The turbulence is 
likely to arise from the winds revealed by meteors, as proposed by Booker 
(1956), but with a smaller input power than he suggested (Hines 1959c; 
Stewart 1959; Greenhow 1959). At the lower power, the small-scale turbulence 
cutoff deduced by Greenhow (1959) is compatible with the scales inferred from 
radio-wave scattering (Bowles 1959). A consistent picture seems now to have 
emerged, and in it gravity waves have no part to play except for the provision 
of suitable wind shears and hence of energy. In this respect, their possible 
variation due to meteorological conditions can still determine the intensity 
and extent of the turbulence, but otherwise their pertinence to the higher 
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small-scale scattering centers can be ignored. (The reverse may not be true, 
however. Turbulence of sufficient strength would introduce a significant eddy 
viscosity, which could dissipate the wave energy more rapidly than would 
molecular viscosity alone. The increase of effective viscosity is unlikely to 
exceed an order of magnitude at 90-km heights, and should be negligible 
above 100 km.) 

Scattering of v.h.f. waves from the lower levels (Bowles 1959) is almost 
certainly an indication of turbulence there, and this turbulence might again 
be generated from internal gravity waves. Such a source could be questioned 
on the grounds that the velocities produced by these waves would be greatly 
reduced at the lower heights, but two counterarguments seem to be at least 
as pertinent. The wave spectrum would be broader at the lower levels, and 
would contain in particular much smaller scale waves, so the actual velocity 
shears could remain quite high. Moreover, because of the thermal decline 
at the heights in question, the atmosphere there is far less stable than at 
the 90-100 km levels and much smaller shears could lead to a comparable 
degree of turbulence. Both at the lower and at the higher levels, the production 
of turbulent motions will require further examination. 

Scattering or partial reflection of radio waves from sheets of ‘sporadic-E’ 
ionization occurs irregularly, sometimes during disturbed and sometimes 
during quiet conditions. Various types of sporadic E are normally distin- 
guished, and they may in many cases have their origin in different phenomena. 
Some occur at sufficiently great heights (> 115 km) that the geomagnetic 
field may play an important role in any movement of ions under the influence 
of winds, to the extent that strong concentrations of ionization may be pro- 
duced purely by a shear flow of the neutral gas (Dungey 1956, 1959). If this 
process is dominant in the production of a sporadic-E layer, it matters little 
whether the shear flow is produced by atmospheric waves or by other means; 
a wave theory would have little to add to an empirical description of the 
event. Rapid recombination would tend to lessen the effectiveness of Dungey’s 
process, however, as would occurrence at a lower height where the geomagnetic 
field has less effect. The atmospheric density distribution would then become 
more important in determining the intensity of the ionization irregularities, 
and the fluctuations in it can be predicted by a wave theory. The fractional 
variation of density that occurs in the asymptotic approximation previously 
employed is given by (y—1)!U,/C, and so is typically 5-20% at E-region 
heights. This seems to be appreciable even under normal circumstances, and 
it would not require an excessive increase in U, to become quite marked. The 
density fluctuations associated with the observed wind shears should therefore 
not be overlooked in any search for mechanisms to explain sporadic E. 


III.2. Ionization ‘Drifts’ in the E and F Regions 

Extensive studies have been made of moving irregularities of electron 
distribution in the E and lower F regions. The studies are conducted by 
means of fixed-frequency ionospheric sounders employing spaced receivers. 
The ionospheric irregularities impose on the radio waves phase (and perhaps 
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amplitude) fluctuations of sufficient intensity to produce a strongly varying 
diffraction pattern in the returned power, and this pattern is sampled at three 
or more closely spaced sites. Analysis of the received signals reveals rapid 
variations of the pattern, but often a horizontal drift of the whole pattern 
can also be distinguished. The drift exhibits apparently random velocities, 
superimposed upon more constant components. The latter include tidal 
motions, as previously noted, whose phase is in agreement with an upward 
extrapolation of the phase revealed by meteors, and whose amplitude lies 
typically in the range 20-40 m/s. The random motions are of much the same 
order. (See Briggs and Spencer (1954) for an early comprehensive summary, 
or Ratcliffe (1959a) and Hines (19596) for more recent outline reviews and 
pertinent references. ) 

The term ‘drift’ was originally applied to these observations in order to 
avoid any prejudgment of the mechanism underlying them. Much thought 
has, however, been given to the possibility that the motion is in fact a conse- 
quence of atmospheric winds blowing on the charged constituents, or alter- 
natively a more complicated effect produced by electric fields. Both of these 
mechanisms rely on the prior existence of irregularities in the distribution of 
ionization, produced perhaps by a postulated turbulence, and they are respon- 
sible only for the motion and deformation of the irregularities. Because of 
the complicating effects of the geomagnetic field, the motions observed are 
likely to bear no simple relation to the driving wind or electric field. For this 
reason, it is difficult to understand how the tidal component should be revealed 
so clearly, evidently with the correct phase. (See Ratcliffe 1959a.) 

In addition to the atmospheric winds and electric fields, progressing waves 
are recognized as a possible cause of the drift motions. This interpretation 
has many appealing features, particularly now in view of the meteor evidence 
for the existence of internal atmospheric gravity waves. 

If atmospheric waves are the causal agency, they produce their own irregu- 
larities as they travel and do not rely on the prior existence of irregularities. In 
this respect, it is necessary to distinguish clearly between the speeds associated 
with the amplitude of the oscillation (the U, and U, involved in distortions 
of meteor trails) and the phase velocity of the propagating wave. The former 
would indeed move any pre-existent local irregularities as if by a wind, but 
the latter gives the velocity of the irregularities generated by the wave itself. 
It is instructive to examine the possibility that the main random drift motions 
result basically from phase progressions, and not from the associated oscillatory 
movements. 

This interpretation has the fortunate advantage that the complications 
resulting from geomagnetic influences are of little concern. Such complications 
may result in a pattern of electron distribution somewhat different from that 
of the atmospheric density, but the velocity of the two distributions would 
be essentially the same. The problemi of interpretation is thereby considerably 
eased. The occurrence of the appropriate tidal component is readily explained, 
for the atmospheric waves might be expected to propagate more or less 
randomly as measured in a co-ordinate system moving with the bulk of the 
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gas; once the random phase motions are removed by analysis, the bulk motion 
would remain. 

It should be noted in passing that phase velocities can be altered readily, 
simply by the introduction of a new wave train. Rapid reversals of velocity 
are often observed, and might be interpreted most easily on this basis. 

Some question exists as to the height at which the irregularities impose 
their effects on the probing radio waves. Theoretical arguments can be 
advanced to suggest that the important irregularities are those that occur at 
the height of reflection (Booker 1955), but they are by no means compelling 
(Pitteway 1958). More reliable is the observational evidence that records 
made at two closely spaced frequencies reveal different tidal components, 
and that the relative phases of these are such as would be expected for the 
different heights of reflection. It may be assumed as a consequence of this 
empirical result that attention should indeed be confined to irregularities at 
the reflection height only (Jones 1958). On this basis the random drift speeds 
would be the horizontal phase speeds of the important irregularities, as 
illustrated in Fig. 7. 
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Fic. 7. Schematic representation of the apparent horizontal motion of ‘drift’ irregularities 
in the E and lower F regions, resulting from the intersection of moving phase surfaces and 
the stationary unperturbed level of radio reflection. 


It should now be noted that the dominant modes of atmospheric oscillation 
are not necessarily the modes of greatest importance in the drift measure- 
ments. In view of the observational evidence just discussed, it seems reasonable 
to view the diffraction process in a simplified way, as a consequence of inter- 
fering signals reflected specularly from various points in a distorted surface 
of constant electron density. Horizontal gradients of the electron distribution 
then become pertinent, provided they persist over distances at least com- 
parable to the principal Fresnel zone dimensions (~~ 2-3 km), but these 
gradients are unlikely to be large in the case of the dominant atmospheric 
waves (whose A, = 490 km or so). The horizontal scale of the important 
irregularities cannot be deduced from the present theory until more is known 
of the available atmospheric wave spectrum, but the observational evidence 
appears to support values of 10 km or so (Ratcliffe 19590). 

Reference to Section IV (Fig. 11) will show that, at a height of 110 km, 
internal atmospheric gravity waves having A, ~ 10 km are confined to periods 
less than 18 minutes (because of viscosity) and greater than 8 or 5 minutes 
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(depending on the location of the energy source, below or above the thermal 
barrier). Their horizontal phase speeds are then confined to values greater 
than 9 m/s and less than 21-33 m/s. For A, ~ 20 km, the limiting periods 
are 30 minutes and 8-5 minutes, and the corresponding horizontal phase 
speeds are 11 m/s and 42-66 m/s. It is evident that such values are compatible 
with the observations. 

A general tendency towards greater speeds at greater heights exists, 
and can be explained as a further effect of viscosity, As an example, waves 
with A, ~ 10 km would be severely damped at heights of 125 km, and the 
lower speeds they contribute to the observable spectrum would then be lost. 
Even the waves with A; ~ 20 km are confined to periods shorter than 15 
minutes, and so to horizontal speeds exceeding 22 m/s, at this height. 

A tendency towards greater speeds at times of high magnetic activity has 
also been found (Chapman 1953). Possibly the simplest explanation of this 
would lie in an assumed shift of the frequency spectrum towards shorter 
periods, produced perhaps by local generation. Less direct interpretations can 
be advanced, based in part upon assumed temperature increases such as those 
anticipated by Dessler (1959) as a consequence of hydromagnetic heating. 


III.3. Travelling Disturbances 

Fixed-frequency studies of F-region movements are conducted not only by 
means of the diffraction technique just treated, but also by the identification 
of isolated events at widely separated stations. The observations in this case 
are interpreted in terms of horizontally moving ripples in the contours of 
constant electron density (Munro 1953, 1958), and speeds in the range 50- 
200 m/s are quite typical. In the absence of further information, these proper- 
ties might be interpreted immediately on the basis of internal atmospheric 
gravity waves as a direct extrapolation from the suggestions and comparisons 
presented in the preceding subsection. 

In the case of these isolated events, however, a much more complete picture 
is available and a more critical assessment of any theoretical interpretation 
is therefore possible. The additional information comes from studies of the 
temporal and spacial variations associated with the disturbances, and of the 
horizontal distances over which they progress (Munro 1950, 1958; Munro 
and Heisler 1956a, b; Heisler 1958; Bibl and Rawer 1959). The quasi periods 
of an individual event are typically 20-25 minutes, with a lower limit of 
10-12 minutes and an upper limit measured in hours. The vertical variations 
are such that these disturbances appear almost always (or always) to have 
a downward component of motion, although it has been recognized from an 
early date that this apparent motion might be produced by an inclined front 
moving horizontally. The inclination of the front is variable, but a forward 
tilt of 45° appears to be considered representative. The horizontal structure 
size is typically 150-200 km, and the vertical structure size is then about the 
same. The mean horizontal speed is about 125 m/s, and the fluctuation of 
electron density is sometimes several per cent. The disturbances are often 
seen in widely separated regions on broad fronts, and may progress some 
hundreds of kilometers during lifetimes of many hours. 
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The earliest attempt at a theoretical explanation was that of Martyn 
(1950). It was based on the assumption that the disturbances were produced 
by internal atmospheric gravity waves of substantially the same type as 
those discussed here, but further assumptions were introduced which compli- 
cated the model and ied to highly debatable conclusions. Specifically, the great 
distances over which the disturbances often progress were taken as an indication 
of a trapping of wave energy below some level near or above the peak of the 
F layer. This led in turn to the conclusion that the waves were ‘cellular’ in 
nature: that they provided continuously rotating cells of neutral gas in the 
F region, and that these cells were moved horizontally by a general wind 
motion. The cellular waves would move the ionization in such a way as to 
produce the required inclination of the wave front if the disturbance were 
moving towards the equator. 

The success of this model was limited by the direction of motion required, 
and by the necessity for an artificially postulated region of exceedingly low 
y in or above the F layer. The model itself was subsequently abandoned in 
preference for a mechanism based on the effects of a dominating electric field 
(Martyn 1955). An alternative proposal was advanced by Dungey (1955), 
involving hydromagnetic waves generated in the outer reaches of the terrestrial 
atmosphere and propagated downwards by the ionized gas. A hydromagnetic 
interpretation was also suggested by Akasofu (1956), but for it the source 
was taken to lie in a shock process in the solar corona. 

Hines (1955, 1956) returned to atmospheric gravity waves as the basic 
mechanism, but avoided any assumption of energy trapping. It was possible 
then to treat these waves in their simplest form, and to interpret the observed 
motion primarily as a phase progression. The large amplitudes observed in 
the fluctuations of electron density were stressed, and it was suggested that 
they might result from a selective enhancement of certain preferred modes of 
oscillation. The possibility of such an enhancement was investigated along 
two distinct lines, both of which anticipated a resonant response of the ionized 
constituents. In the one case, the resonance was sought in the associated 
electromagnetic oscillation, and a corresponding response in the electron 
motion was deduced; in the other the resonance was sought directly in the 
natural oscillations of the electron gas. 

The first of these developments is of doubtful relevance except in its general 
commentary, while the second is most certainly incorrect. The error in the 
latter was pointed out by D. F. Martyn (private communication). It lies in the 
neglect of ion-electron attraction, and was based on the application of an 
inappropriate relation for the magnitude of the pertinent electric fields. The 
error can be corrected approximately by recasting the formalism in terms of 
ions and seeking once again a resonant response; the electrons would follow 
this response. Such a resonance does appear to be possible in principle, and 
it would occur at about the right temporal and spacial scales. Additional 
objections have, however, been raised by L. R. O. Storey and J. A. Fejer (private 
communications), concerning the rise-time of the resonance and the magnitudes 
and height variations of the resonant scales. These aspects will not be discussed 
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in detail here, but it may be noted in passing that they concern only the 
resonance postulate and not the basic mechanism of atmospheric waves. 

At this point it is appropriate to insert some general comments on the 
nature of the travelling-disturbance mechanism. First, it is possible to argue 
against atmospheric winds as the transport mechanism on a priori grounds, 
albeit somewhat inconclusively. Winds at F-region heights are incapable of 
moving ionization across the geomagnetic field lines with any appreciable 
efficiency (see, for example, Ratcliffe 1959a), but they do impart to the 
ionization their component of velocity in the direction of the field. Horizontal 
winds moving with the speeds observed would tend thereby to raise or lower 
the whole F layer by some tens of kilometers in the course of a single distur- 
bance, and no such unidirectional motion is normally observed. This vertical 
motion could be diminished by the effects of vertical polarization fields gener- 
ated by the motion itself, but the degree of diminution is not appreciable at 
most latitudes. Nearly complete three-dimensional polarization fields would 
have to be established to produce a sufficient change, and they are unlikely 
to occur on the spacial scales required. Furthermore, a most crucial observation 
has recently been reported: one disturbance has been found to pass right 
through a second, and each has maintained its independent identity and 
velocity despite this juxtapositioning (Heisler 1958). 

The foregoing objections apply equally well to models in which the general 
motion is attributed to the effects of a dominating electric field in place of a 
dominating wind. They do not apply to a wave hypothesis, however. Waves 
can, of course, pass through a medium and distort it as they go, without 
producing any enduring displacement of it. They can also pass through one 
another without significant modification, provided only that their intensity 
is not so great that intermodulation effects become serious. Furthermore, as 
a more positive argument, it may be noted that the quasi periodicities are 
often clearly apparent and that they can be explained readily only on the 
basis of a wave motion. 

Hydromagnetic waves of the pertinent periods are likely to be strongly 
absorbed in the F region, but this in itself does not eliminate them from 
ccnsideration. They can probably be discounted on the basis of speed, however, 
for they travel much faster than the observed disturbances. The Alfven speed 
at 225km is about 2000 m/s, and this would only be increased if the ion 
mass density were taken to be pertinent in making the calculation, in place 
of the neutral gas density, as would be appropriate at shorter periods. More- 
over, one of the chief attractions of the hydromagnetic hypothesis is its 
ability to explain the apparent downward progression of the disturbances as 
a direct consequence of generation at great heights. Such a picture conflicts 
with recent observations, however, which indicate that disturbances in the 
F—1 region are often not to be found in the F—2 region above (Heisler 1958). 

There remain for discussion the internal atmospheric gravity waves with 
which the present paper is concerned. These waves most certainly do have 
the necessary characteristics. 

The shortest period of oscillation of these waves, if the atmosphere is taken 
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to be isothermal, is 7,, and a representative value for this parameter at a 
height of 225km would be about 15 minutes. This is close to the shortest 
periods observed, and it is, of course, subject to modification as the temperature 
and density models are changed. (In fact, somewhat shorter periods can be 
present in a region of temperature incline, and a more appropriate theoretical 
value for the cutoff period is about 12 minutes, as observed.) The longest 
periods are probably determined by hydromagnetic viscosity, which would 
rapidly dissipate the energy of waves whose periods were comparable to 
2rp/o,B.?, where p is the atmospheric density, o; is the Pederson conductivity, 
and By, is the geomagnetic induction (all in rationalized m.k.s.a. units). A 
representative value for this period would be about one hour during the day, 
although it would change appreciably through the depth of the F region 
and from time to time. 

If the energy of the wave were propagating upwards in the F region—and 
this point will receive further discussion—it would ultimately be dissipated 
when viscous effects became severe. These might be either molecular or 
hydromagnetic in nature, depending on the mode of oscillation and on the 
relative magnitudes of various parameters. The point will not be pursued here 
in detail, but it obviously provides an explanation for the disappearance of 
disturbances between the F—1 and the F—2 regions. A complementary 
observation, that travelling disturbances seen in the F region are normally 
not also seen in the & region (Martyn 1959), is explicable as a consequence 
of the exponential growth of amplitude with height which characterizes internal 
gravity waves. The amplitude at 100 km would be only about 1/30th of that 
at 200 km, for example, and so would produce density variations of only a 
fraction of 1% at the lower level. This estimate may be contrasted with that 
previously calculated for other waves present at E-region heights; the travelling- 
disturbance waves would simply be lost in the ‘noise’ of the broader and 
more intense spectrum that is available there. 

The horizontal and vertical structure sizes are, of course, related by a 
dispersion equation, which is derived in the next section. The asymptotic 
form employed previously, equation (2), is not sufficiently accurate for present 
purposes, but it may be generalized somewhat to 


(4) Ola a) |), ode oe Pp), 


which is valid provided \, is not too great (A, < 500 km, say). This indicates 
that a wave front will be inclined at 45° if 7? = 27,2, or if 7 ~ 20 minutes 
here. This conclusion is certainly compatible with the observations. 

The possible range of horizontal and vertical structure sizes is limited by 
viscosity as before, and by the thermal barrier if the energy source is taken 
to reside in the lower atmosphere. The limits are indicated in detail in the 
next section (specifically, in Fig. 12), but they may be summarized here 
briefly in terms of the corresponding limits on the horizontal speed of progres- 
sion. The lower limit is set by viscosity, and is about 14 m/s (0.8 km/min); 
the upper limit is determined by the thermal barrier, and is 170 m/s (10 
km/min) on the model adopted. These conclusions may be compared with 
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the observational results of Munro (1958): ‘‘Very few values below 3 km/min 
are recorded, though there is no technical reason why they would not be 
observed. In all, 54 have been recorded in 7 years, ranging from 1.9 to 2.9 
km/min. Values greater than 15 km/min are relatively scarce, and those 
recorded are considered doubtful since the possible errors become great at 
speeds above 10 km/min.’’ When allowance is made for the uncertainties and 
normal variations in the parameters of the theory, a closer agreement could 
scarcely be expected. 

The possibility that the wave energy progresses upwards from the lower 
atmosphere warrants further discussion, in view of the fact that the apparent 
vertical motion is normally downwards. One of the peculiarities of internal 
atmospheric gravity waves is that they propagate energy upwards only in 
modes whose phase progression is downwards, although the horizontal com- 
ponents of energy and phase velocity are directed in the same sense. (See 
next section, where also are indicated the exceptions to this statement that 
can arise when temperature gradients are present.) Accordingly, the postulate 
that the energy is provided at low levels leads immediately to the theoretical 
conclusion that a disturbance front in the F region will be tilted forwards at 
the top. When the disturbance progresses horizontally, this same postulate 
leads in turn to the conclusion that an apparently downward motion would be 
determined from recordings at a single location, in agreement with the observa- 
tions. 

The horizontal progression should in general not be interpreted as a horizontal 
flow of energy in the F region, however. Indeed, at periods substantially 
greater than 7,, energy in the F region is flowing obliquely upwards along 
lines nearly parallel to the disturbance front, and so cannot carry that front 
horizontally. Instead, the horizontal progression must normally be attributed 
to the fact that, at lower levels, the energy flow is much more closely confined 
to quasi-horizontal directions. Energy propagating upwards from the lower 
atmosphere is refracted into a more horizontal course as it reaches the thermal 
decline, at heights of 50-80 km, and indeed it may be strongly reflected there 
and returned to the lower levels as has already been indicated. The energy 
that passes through this thermal barrier can of course proceed on upwards, 
but it may be carried horizontally over great distances before its escape is 
effected. The process is closely analogous to that arising in the oblique propa- 
gation of radio waves through the ionosphere, at an elevation slightly greater 
than the penetration angle of one of the layers. It is illustrated in Fig. 8 for 
the case of atmospheric waves that just succeed in passing through the 
barrier. (While the paths depicted there are in effect ray paths, and only 
transmitted rays are shown, a full-wave treatment of the problem is of course 
far more appropriate. It will not be attempted here, however.) 

Many, and perhaps most, of the smaller travelling disturbances detected 
in the F region may well result from modes of propagation that are not too 
severely influenced by these refractive effects. But, if so, their apparent 
horizontal motions should be interpreted as horizontal phase progressions 
within a broad and relatively stationary front. 
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Fic. 8. Sketch of the energy flow pattern envisaged for large-scale travelling disturbances. 
The flow lines are shown by solid lines, and the instantaneous flow pattern by superimposed 
arrows. The disturbance is confined at any one time to a region such as that within which 
the arrows appear. It has maximum amplitude towards the top, just before dissipation becomes 
important, with a secondary enhancement near 80 km where the flow lines are constricted 
by ducting. 


In those cases where a clearly defined front progresses horizontally over 
very great distances, on the other hand, it seems that very severe refraction 
must exist in the 70-80 km height range. This refraction amounts almost to 
a ducting of the energy, although the ‘duct’ is admittedly ‘leaky’. This low- 
level ducting appears to meet the objectives originally set out by Martyn, 
but it does so with none of the difficulties encountered by him. The waves 
of present interest are those that just escape reflection at a well-known barrier 
in the middle atmosphere, rather than those that suffer reflection at a postulated 
barrier in the F region, and they entail no general wind motion nor abnormally 
low y. 

For simplicity, it is convenient to focus attention on the limiting modes 
that propagate their energy exactly horizontally in the duct. These are non- 
dispersive modes, which may itself be a factor of importance in their observa- 
tional identification. They have a common horizontal phase speed equal to 


(5) (Ar/T)auer = [(2C/y) (y—1+g7dC2/dz) Henin 


in which the subscript ‘min’ is intended to imply that the bracketted quantity 
is evaluated at the height where it is a minimum. (See next section, equation 
(55).) This is the upper limiting speed of 170 m/s previously quoted, as deduced 
for one particular atmospheric model, and it may be compared with the results 
listed by Heisler (1958) for a series of eight disturbances that progressed over 
very great distances. His values range from 5.8 to 12.4km/min, or from 
97 to 207 m/s, in general agreement with the theory. 

An exception to the foregoing arguments should be noted. At periods very 
close to the local 7,, a ducting can occur in the F region itself and the ducted 
waves would propagate horizontally more slowly than modes ducted by the 
middle atmosphere. In this case, however, the disturbance front would be 
nearly vertical. The possible importance of this exceptional case can only be 


evaluated by further observations, but it may provide an explanation for 
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some of the lower velocities observed, including that of the slower member 
of the pair reported by Heisler. 

In the more general case, where the periods appreciably exceed the F-region 
tz, there remains the distinct and interesting possibility that F-region observa- 
tions of ducted modes will provide direct information on conditions in the 
middle atmosphere. 


IV. MATHEMATICAL DEVELOPMENT 
IV.1. Outline of Analysis 

It is the purpose of this section to assemble the mathematical relations on 
which many of the preceding arguments were based. A relatively simple 
approach to the physics of the problem is sufficient for this purpose, although 
such an approach must limit the ultimate applicability and accuracy of the 
results. Some of the complicating features of the actual process are therefore 
also discussed and quantitatively assessed. 

The main development is based on an idealized model in which the atmos- 
phere is taken to be stationary in the absence of waves, and to be uniform 
in both temperature and composition. Superimposed wave motions are assumed 
to have only perturbation magnitude, in that terms of the second and higher 
order in the oscillation amplitude are neglected in the equations governing 
the motion, and they are also assumed to occur adiabatically. Forces due to 
pressure gradients, gravity, and inertia are alone treated explicitly, and the 
gravitational field is taken to be constant both in direction and in magnitude. 

The waves that can propagate in such circumstances are first established 
in outline, and two special types are discussed at greater length. One of these, 
termed ‘internal’, is then selected for further study and found to contain two 
distinct sequences dependent on the frequency of the oscillation. One sequence 
is conveniently described as ‘acoustic’, and it includes ordinary sound waves 
as a limiting class; the other is the ‘gravity’ sequence whose properties have 
been applied in the preceding sections. Some of the general characteristics 
of the internal waves are discussed, and formulae applicable to them in 
limiting cases are derived. 

The effects of atmospheric viscosity are then considered briefly, and a 
preliminary criterion is established in order to assess their importance. The 
consequences of non-linear processes are also discussed, and an evaluation 
is made of their significance in the upper atmosphere. Finally, one complication 
introduced by temperature variations of the unperturbed atmosphere is 
described, and its relation to the arguments of the earlier sections is indicated. 


IV.2. Atmospheric Oscillations in the Presence of Gravity 


Under the assumptions listed immediately above, atmospheric oscillations 
are governed by the following set of equations: 


(6) po(AU/dt) = p&§—grad p 
(7) (dp/dt)+U-grad py = Cl (dp/ dt) +U-grad po] 
and 


(S) (dp, dt) +U-grad pot+po div U = 0. 
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These are the linearized equations of motion, of adiabatic state, and of con- 
tinuous mass conservation. They relate the perturbation velocity U, the 
perturbed atmospheric pressure and density p and p, the corresponding 
unperturbed values fp and po, the gravitational acceleration g, and the ‘speed 
of sound’ C. The latter is related to po and po through 


(9) 


where y is the usual ratio of specific heats; y, C, and ¢ are all constant under 
the earlier assumptions. 
The static condition 










C= YPo/ Po 











(10) 0 = poS—grad po 








may be derived from (6), and then combined with (9) to show that 






(11) Po, po & exp(—2/H) 





where 
(12) 
is the ‘scale height’ of the atmosphere and z is a Cartesian co-ordinate measured 


in the (upward) direction opposed to §. 
Wave solutions of the set (6)—(8) may be found in complex Fourier form, 









H = C*/vg 






such that 








(13) (p— po) poP — (p— po) ‘pol — U; X — Of z£ —_ A exp 1(wt—K,x—K,2) 





where P, R, X, Z, and A are all constant, w is a real constant, the circular 
frequency of the wave, A, and K, are corresponding constant complex wave 
numbers, and x is a (horizontal) Cartesian co-ordinate measured in any 







direction perpendicular to the z axis. 
The wave numbers appearing in (13) are related to the wave frequency 







by the dispersion equation 


(14) wt w(K +K2) + (y— Deeks +iyge*K. = 0, 







which can be derived as a necessary condition for (13) to be a valid solution 
of the set (6)—(8). Sufficient further conditions are provided by what may 
be termed the ‘polarization relations’, 










(15) P = yw’K,—tyga*/C? 







wK+i(y—lgK?—iygw?/C 
= wkK,K.C?—igwk, 


(16) 












(17) 









(18) > oy —wkC?, 








which determine the relative magnitudes and phases of the pressure and 
density variations and of the horizontal and vertical components of atmos- 






pheric motion. 
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In the absence of gravity, (14) would reduce to the simple form 
(19) w = C(K?+K/?) 


which governs sound propagation. For most problems normally encountered, 
the appropriate solutions of (19) would be those for which K, and K, were 
purely real, when the waves would indeed be simple sound waves propagating 
with speed C in an arbitrary direction determined by the orientation of the 
x axis and by the ratio K,/K,. 

In the presence of gravity, however, equation (14) indicates that no solution 
exists in which both K, and K, are purely real and different from zero. It 
seems most appropriate in these circumstances still to seek a solution in 
which K, is real—say K, = k,;, as an explicit indication of this—and then to 
investigate the suitability of the resultant K,. This choice is equivalent to 
an a priori assumption that the pertinent boundary conditions in any problem 
of interest would not introduce a requirement for an exponential decrease of 
amplitude in horizontal directions—an assumption which is normally made 
and rarely questioned in the gravity-free case if, as here, effects leading to 
the dissipation of energy are neglected. This same assumption underlies the 
neglect of a possible K,y term in the exponential of equation (13), since 
such a term can be removed by a rotation of the co-ordinate system about 
the z axis whenever the ratio K,/K, is real. 

Equation (14) may now be examined under the assumption that K, = k; 
(real). It reveals two possibilities: either K, is purely imaginary, or else 


(20) K, = k,+1yg/2C? 
k,+1/2H 


where k, is purely real. The first alternative is particularly appropriate to 
problems involving a horizontal boundary, say in a stratified (two-fluid) 
medium, where horizontally propagated ‘surface’ waves having vertical 
attenuation may be expected. But, insofar as it permits no variation of phase 
with height, it seems singularly inappropriate for application to the problem 
of meteor-train deformations or to that of large-scale travelling disturbances. 
Much more appropriate for these applications is the second alternative, which 
does permit a vertical component of phase variation and so of propagation. 
This essential feature will be emphasized here by characterizing the associated 
waves as ‘internal’, and only these waves will receive further consideration. 
The family of internal waves is familiar in acoustic studies, for it includes 
sound waves in a generalized form imposed by the effects of gravity. It is not 
wholly unfamiliar at lower frequencies, for some attention has been directed 
towards it in relation to atmospheric motions, particularly of the troposphere 
(Martyn 1950; Gossard and Munk 1954, for example), and the well-known 
atmospheric tides in fact constitute a low-frequency limiting member (albeit 
subject to additional complications). Nevertheless, a more widespread acquain- 
tance with these waves and their properties seems now to be desirable, and the 
remainder of this section is intended as a first step towards that end (see also 


Eckart 1960). 
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IV.3. General Characteristics of Internal Waves 

In the analysis of internal waves, it is convenient to extract the common 
term 1/2H from the complex vertical wave number of all modes, and to deal 
henceforth only with the real wave numbers k, and k,. By substitution of 
(20) into (14), the dispersion relation can then be written as 


(21) wt — w*C?(ke? +k?) + (y — 1) gk? — y*g?w?/4C? = 0, 
where the solution to the basic equations is now taken to have the form 


(22) (p—po)/poP = (p—po)/poR = U,/X = U,/Z 
= A exp(zyg/2C’) . exp 1(wt—k,x—k,2). 


Similarly, the polarization factors (15)-(18) may be rewritten as 
(23) P = yw"[k,—-i(1—y/2)g/C*] 

(24) R = wk, +1(y—1) gk? —tygw?/2C? 

(25) X = wk,C(k,—1(1—y/2)g/C*] 

(26) Z = o[w?—k?ZC*| 


in keeping with the new notation. 

It is useful first to examine the dispersion relation, equation (21). This 
reveals that any pair of real wave numbers (k,;, kz) can be associated with 
either of two distinct values of w?, and so with either of two values of w if 
attention is confined to positive roots. Further examination will reveal that 
one of these values of w is necessarily greater than 


(27) Ws = yg/2C 


while the other is necessarily less than 


(28) w, = (y—1)'¢/C. 


It may further be confirmed that ws > wg, since y is necessarily less than two. 
This indicates that two distinct sequences of internal waves can occur, the 
one at high frequencies (w > w,) and the other at low (w < wg), and that a 
gap in the frequency spectrum exists between them (wg < w < wa) in which 
no internal waves can be propagated. The two sequences will here be termed 
‘acoustic waves’ and ‘internal gravity waves’ respectively, although these 
names are somewhat misleading in that pressure gradients and gravitational 
forces do play some part in them both. 

The two sequences can be distinguished clearly in Fig. 9, which is simply 
a pictorial representation of the dispersion relation. In it are plotted contours 
of constant w (or of constant period, 7, given by 7 = 27/w) in the k,—k, 
domain, using values of y, C, and g which are representative of meteor heights. 
The family of ellipses in this diagram represents the sequence of acoustic 
waves, while the superimposed family of hyperbolae represents the internal 
gravity waves. 
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kz(m-!) 


Fic. 9. Contours of constant period in the kz, —k, domain. The periods, measured in minutes, 
are shown in boxes on the corresponding curves. The basic parameters adopted are y = 1.40, 
g = 9.5 m/s’, and H = 6.0km, whence 7, = 4.4 minutes, 7g = 4.9 minutes, 


The two sequences may be distinguished even more clearly in Fig. 10, 
where they are in fact completely separated. This diagram contains essentially 
the same information as does Fig. 9, but the co-ordinates are now normalized 


to 
(29) n, = k,C/w, n, = k,C/w 


aud only one quadrant of the »,—mn, domain has been shown. 

One property of the internal wave systems is made readily apparent by 
the representation of Fig. 10, namely, the speed of phase propagation in any 
given direction at any specified frequency or period. Waves propagating at 
an angle @ above the horizontal, for example, have phase variations in the 6 
direction which are governed by the wave number 


(30) k = k,cos 0+, sin 0 


(k2+k.)}, 
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Fic. 10. Contours of constant period in the m,—n, domain. The periods, measured in 
minutes, are shown in boxes on the corresponding curves. The basic parameters are the same 
as for Fig. 9. The relation between phase and energy progression is indicated by the geometrical 
construction depicted in the inset diagram. 


while the speed of phase propagation in this direction is 


(31) w/k = ofk2+k2]-? = C/n 


say, where 


(32) n = [n?+n2}4 


is the fluid-dynamical equivalent of the optical ‘refractive index’. This re- 
fractive index can be measured as the radial distance from the origin to the 
appropriate r-curve, in the @ direction. The circle in Fig. 10, at nm? = n2+n/7=1, 
then represents waves that propagate with the classical speed of sound C, 
while contours lying closer to the origin (m < 1) depict waves that travel 
faster than C and those lying farther from the origin ( > 1) depict waves 
that travel slower than C. It is evident that acoustic waves may propagate 
much more rapidly at frequencies close to w, than they do in the more con- 
ventional high-frequency limit, whereas internal gravity waves in general 
propagate much more slowly. 

Figure 10 also permits the ready determination of the direction of energy 
flow. This is given by the direction of the normal to the corresponding rt-con- 
tour, drawn at the point on that curve appropriate to a selected direction 
of phase propagation. The geometrical construction required is illustrated by 
the inset diagram, and it is based on relations derived from the concept of 
wave packets. These packets are formed by the superpositioning of modes 
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having a range of k,—k, values about the chosen central values, and they 
provide a confined distribution of energy density whose maximum moves 
with the velocity components [dw/dk,|,, and [@w/0k,],, in the x and z directions 
respectively. The slope of the velocity vector is then [dw/dk,],,/[w/ARzIx,. 
This equals —[0k,/0k,]. identically, or —[9n,/0n,]4, which is the slope of 
the normal to the r-contour as indicated above. The sense of the flow along 
this normal can be determined from either [dw/0k,|,, or [dw/AR,|,, indepen- 
dently, and in the present case it will be found that the appropriate normal 
is that drawn on the side of the r-contour away from the origin as shown. The 
same conclusion as to direction and sense of energy flow may be derived by 
averaging the real energy flux vector, pU, over a cycle. 

It will be seen that the energy of the acoustic waves propagates in much 
the same direction as does the corresponding phase pattern, although there 
is some tendency towards a more vertical flow. On the other hand, the energy 
of internal gravity waves may propagate in directions radically different from 
the corresponding phase normals, by as much as 90° when the asymptotes 
of the r-contours are approached, and for the longer periods the flow tends 
to be nearly horizontal. It should be noted that, in internal gravity waves, 
the vertical component of energy flow is opposite in sense to the vertical 
component of phase progression; an upward transfer of energy is accomplished 
by modes whose phases propagate downwards, and vice versa. 

The dispersion relation (21) can be rewritten conveniently in terms of w, 


and w,, as 
(21’) (w? — wa”)w?/C?—w? (ke +k?) +oek? = 0. 


The high-frequency limit of this equation (valid for w? > w,?) is, of course, 
the usual relation for sound propagation: 


w = OR? +R’). 


The corresponding waves are not freed from all effects of gravity, however, 
for the exponential amplitude factor still applies and the polarization ratios 
differ from their usual form whenever k, < 1/H. These conclusions are well 
known in the study of sound refraction in the lower atmosphere. 

Simple relations may be obtained for internal gravity waves under the 
asymptotic conditions which arise for k,? > w,?/C?. The approximate dis- 
persion relation 


(33) wk? = (w?—w)k? 


is an example. Most of these relations become even simpler at low frequencies: 


9 


(34) wk? ~ werk? 
Z/X =~ —k,/k: 
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whenever k,? > w,?/C? and w K g/C. All of these results have been employed 
already in somewhat modified forms: (33) in (4), (34) in (2), (35) in (8), 
and (36) to provide a measure of (e—po)/poU;. It is interesting to note that 
(35) implies an atmospheric oscillation transverse to the direction of phase 
propagation, albeit parallel to the direction of energy flow. 









IV.4. Dissipation in Internal Waves 

Although dissipative effects have so far been neglected in this section, their 
consequences are important in application as has been seen. The effects of 
molecular viscosity can be treated by the introduction of an appropriate 
force density in equation (6), while thermal conduction can be taken into 
account only by a modification of equation (7) and by the addition of a 
heat-flow equation. Such extensions introduce additional analytical compli- 
cations, and they lie beyond the scope of the present paper. 

In order to provide a preliminary assessment of the importance of these 
dissipative effects, however, the following procedure is adopted. The mean 
rate of energy dissipation through viscous losses is calculated, on the assump- 
tion that it is small, and it is compared with the mean excess energy available 
in the wave motion; the comparison is summarized by noting those modes 
whose energy loss per cycle, as calculated in this way, equals the energy 
available. This procedure neglects losses due to thermal conduction, but they 
are normally comparable in magnitude to those due to viscosity. It also 
neglects any modification produced by dissipation in the dispersion and 
polarization relations already derived, and the comparison is therefore not 
quantitatively correct in modes as dissipative as those quoted in summary. 
The latter should nevertheless represent roughly the modes whose amplitude 
decreases by a substantial fraction within a wavelength, and they certainly 
give an extreme limit to the set of modes in which dissipation can be neglected. 
Other criteria will be more pertinent in studies more detailed and more specific 
than those of the present survey. 

The rate of dissipation of energy per unit mass, through the action of 
viscosity, is given quite generally (Lamb 1945) by 


(37) R = n(2a2+2b?4+2c?-+d?+e2+f2) — (2n/3)(a-+b+c)? 









SANSA 

























where 









a = 0U,/0x, b = 0U,/0y, c = 0U,/02 
d = 0U,/dy+0U,/ds 
e = 0U,/02z+0U,/0x 


f = 0U,/ax+0U,/dy. 









(38) 










In these expressions, 7 is the kinematic viscosity while U is the real velocity 
vector and not the complex representation thereof. The latter can be usefully 
employed, however, in calculating the mean value of R, say R: 


R = n(4)[2aa* +2bb* + 2cc* +dd* +ee* +f* — (2) (a+b+c)(a+b+c)*] 







(39) 
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where * indicates the complex conjugate, and a, b,...f are given again by 
(38) but with complex U. 

In the present case, U, = 0/dy = 0, while U, and U, are to be taken as 
given by (22) with U,/U, given by (25)/(26). These facts may be introduced 
into (39) to derive 


(40)  2k,?[k2C*-+ (1—/2)*g"]R/nU,U.* = [k2eCt+(1—y/2)*g"][4k24/3 

+htke+yeh2/4C)+ [wt —k2CI2kek2C/3+5y(1—7/2)ek2/3C] 
+[w?—keCPlke +4k2/3+7%¢/3C4. 

This can be reduced in the case of the high-frequency sound waves (w? > w,?) 

to 

(41) R =~ (2n/3)k?U.U* 

or, for the lower frequency internal gravity waves, to 

(42) R = (n/2)(k2+k22)*k,?U,U2" 


in the asymptotic limit (k7 > w,?/C?). 
The energy content per unit mass of atmosphere is given quite generally 
(Lamb 1945) by 


(43) © = [gz+U?/2+(y—1)-'p/p] 


as measured with respect to a stationary element of atmosphere at an arbitrary 
height (2 = 0). The excess due to the wave perturbation is, then, 


(44) © = ge’ +U?/2+ (y—1)[b/p— po/ pol 

where primed quantities indicate changes from the rest state of the atmos- 
phere. The mean excess is found by averaging ©’ over a complete cycle, 
following the motion of the gas. While (42)—(44) involve the real perturbations, 
the complex representations thereof may again be usefully employed in 
evaluating the mean of @’, say ©’; it may be shown that 

(45) 2w*k2[k2C'+ (1—y/2)*27|C' = [w?—k,?C*}[w' — (y — 1) g7k,?] U, U2". 

This yields the high-frequency relation 

(46) G’ ~ U?/2 

appropriate to sound waves (w? > w,”), and the asymptotic relation (for 
k2 > w,?/C*) 

(47) G’ ~ [(y—1) g*k2/2w*k 2C?] U,U,* 

in the case of internal gravity waves. At low frequencies (w? XK w,”), equation 
(47) reduces to the same form as (46). 


The importance of dissipation is now to be summarized by selecting explicitly 
those modes in which 


(48) rk = ©’, 
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although it is fully recognized that the formulae already employed lose their 
quantitative validity in modes as dissipative as these. In application to 
internal gravity waves, (48) can be reduced to 


(49) 2rnkw,?/w® = 1 


under asymptotic conditions (k > w,?/C?), and this is sufficiently accurate 
for the most pertinent calculations. 

The modes so selected are displayed in Fig. 11, in what is something of a 
hybrid plot. The family of r-contours already depicted in Fig. 9 is illustrated 
again here, although logarithmic co-ordinates are now employed and attention 
is confined to the +k,, —k, quadrant. (The vertical co-ordinate is taken to 
be —k,, increasing upwards, in order that the curves may apply directly to 
modes whose energy flows upwards; but the numerical relationships are not 
invalidated if this co-ordinate is read as +k,.) The r-contours are drawn for 
the set of parameters y = 1.4, g = 9.5 m/s’, and H = 6.0 km, whence C = 280 
m/s, t, = 4.4 minutes, and 7, = 4.9 minutes, and they therefore apply 
approximately to both the 70-km level and the 100-km level of a model 
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Fic. 11. Propagation modes at meteor heights, drawn for the same basic parameters as 
those of Fig. 9. The periods, measured in minutes, are shown in boxes on the corresponding 
constant-period contours (solid lines). The limits of the permitted spectrum, as determined 
by viscous damping, are shown for heights of 60, 70, 80, 90, 100, and 110 km (broken curves); 
modes lying above 2nd to the right of these curves are excluded. The modes subject to reflection 
at heights of 54 and 79 km are also shown (dotted lines); modes lying below these curves 
cannot proceed from the lower atmosphere to the upper. 
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atmosphere (Minzner, Champion, and Pond 1959). They do not apply as 
well at intermediate levels where H is somewhat decreased, but the discre- 
pancies are not serious. 

The dissipative criterion (48) is illustrated by a family of curves drawn 
for heights of 60, 70, 80, 90, 100, and 110km, or more precisely, for 
n = 4.6X10-, 14X10, 53X10, 4.0, 36, and 3.010? m?/s respectively 
(Minzner, Champion, and Pond 1959; the values up to 90 km are tabulated, 
the others derived from the governing formulae). Any one of these curves 
can be loosely interpreted as the boundary between the modes that can be 
propagated (which lie below on the diagram), and those that cannot (which 
lie above and to the right) at the height concerned. The progression of suc- 
cessive members of the family downward and to the left, as the height increases, 
illustrates the increasing importance of energy dissipation at greater heights. 
This results in part from the decrease of atmospheric density and in part, 
above 80 km, from the increase of temperature; both produce and increase 
in the kinematic viscosity, and lead to the extinction of an increasing number 
of propagation modes. 

The parameters at a height of 225 km are sufficiently different from those 
at 100 km to warrant a separate presentation of the propagational charac- 
teristics; it is given in Fig. 12. The curves drawn there are based on an 
y = 1.4, and the values g = 9.15 m/s?, H = 51.3km_ (whence 


assumed 
C = 810 m/s, 7, = 13.2 minutes, and 7, = 14.7 minutes), and 7 = 2.4105 


m?/s, taken from Minzner, Champion, and Pond (1959). Figures 11 and 12 


contain, in addition to the curves already discussed, others that result from 
considerations of reflection in the middle atmosphere. They will be interpreted 


shortly. 


= VISCOSITY BELOW 225 km _ 


REFLECTED TO 
| GROUND IN MIDDLE 
ATMOSPHERE 


10-5 
k, (rri") 


Fic. 12. Propagation modes at a height of 225 km (y = 1.40, g = 9.15 m/s?, H = 51.3 km; 
ta = 13.2 minutes, rg = 14.7 minutes; dH/dz assumed = OQ). The periods, measured in minutes, 
are shown in boxes on the corresponding constant-period contours. Modes removed by reflection 
in the middle atmosphere and those removed by molecular viscosity in the upper atmosphere 
are represented by the hatched areas; those damped severely by hydromagnetic viscosity in 
the upper atmosphere (during daytime) are shown by the shaded area. 
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IV.5. Non-linear Effects 

It may be recalled that a perturbation treatment was adopted for the 
manipulation of the basic equations. Such a treatment can be justified in 
application only by an a posteriori comparison of the relative magnitudes of 
the linear and non-linear terms, both being calculated by application of the 
relations derived in the linear treatment. The full equations appropriate to 
the general problem, and their perturbation-series expansions, are cumber- 
some and will not be dealt with in any detail here. An estimate of the importance 
of non-linear effects will be gained, instead, by a qualitative assessment. 

It has already been noted that the atmospheric density undergoes fractional 
variations of 5-20% at some heights, and this indicates already that non- 
linearities cannot be ignored. The fractional changes of pressure are appreciably 
less—they are reduced by the ratio of the horizontal phase speed to the speed 
of sound, approximately, in the low-frequency asymptotic modes—and so 
add no non-linearities of any greater importance. The temperature and speed 
of sound will be subject to fractional variations comparable to those occurring 
in the density, but not appreciably greater. 

The non-linearities of greatest potential importance appear to be those 
produced by the atmospheric motion. They arise in the mobile operator 


D/Dt = 0/dt+U. grad, 


which should properly occur wherever 0/dt is to be found in equations (6)—(8). 
Their significance can be estimated from the ratio |U. grad|/w, which, for a 
single mode, becomes |U,k,+U,K,|/w. The largest individual terms between 
the numeric bars arise from the components U,k, and U,k,, in the low- 
frequency asymptotic modes, but they cancel one another to a large extent 
because U is virtually perpendicular to the phase normals in those modes. 
The residual that does remain is quite significant nevertheless; it is given 
approximately by (y—1)~?U,/C, and so exceeds the corresponding fractional 
variations of density by the factor (y—1)~', or 2.5, to yield values as great as 
50% self-modulation. The intermodulation between modes is even more 
important, for the cancellation just discussed no longer occurs; it results in 
relative non-linearities as great as U,/(w/k,), and this ratio frequently is 
comparable to or even greater than unity. 

From this brief assessment it will be evident that non-linear processes can 
be extremely important in the upper atmosphere, and indeed one of their 
possible consequences has already been given some attention in Section II.3. 
It seems likely that many of the relations employed in the analysis so far will 
be subject to quantitative error at the heights where these large non-linearities 
occur, but their qualitative validity is unlikely to be severely upset. In parti- 
cular, the comparisons between theory and observation which were under- 
taken in Sections II and III are likely to remain significant despite the 
importance that is now being attributed to non-linear effects. This may be 
emphasized by noting that the calculated non-linearities apply only to a 
certain spectrum of modes, and only in a particular height range at that; 
those same modes at lower heights, and other modes, are much more amenable 
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to treatment by perturbation methods. (The intermodulation term, U. grad, 
cannot be wholly ignored in any mode at heights of 100-120 km, however, 
so long as some oscillatory motions comparable to w/k, are present.) 


IV.6. Height Variations of Temperature 

The analysis up to this point has been greatly simplified by the early 
assumption of an atmosphere which is uniform in both temperature and 
composition, or, for most practical purposes, uniform in the appropriate 
value of C or H. The more complicated case in which the speed of sound 
varies with height has been examined in some aspects by Martyn (1950), and 
it will evidently require further study in many more. The most important 
conclusions for present purposes can be derived by direct application of 
Martyn’s work. 

His equation (9’) can be rewritten as 


(50) 0°o/02°+ H-'(dH/dz)(0¢/dz) +9’ = 0 
where, in the present notation, 

(51) (div U). exp —f(dz/2H) 

(52) = k?(wp?/w? —1)+(w?-w,?)/C 
(53) ~~ (y—1+~ydH/dz)g?/C? 


and z is the vertical Cartesian co-ordinate as before (and not the scaled 
co-ordinate employed by Martyn at this point); wg is the so-called Brunt 


frequency and rg = 24/wg the Brunt period. A factor exp 1(wt—k,x) in div U 
is assumed but suppressed here, and the exponential growth of amplitude 
which has entered the earlier discussions is removed by the change of variable 
from div U to ¢. Only terms of order dH/dz are added; those of order (dH/dz)? 
and d?H/dz are ignored. An approximate solution of the W.K.B. type can 
be found for (50), namely 


(54) @« |gH|-4. exp —ifq dz. 


In effect, then, (52) is the modified dispersion equation appropriate to height- 
varying conditions, with g? and wg,” taking the parts previously played by 
k2 and w,? respectively, when g? > 0. (It may be noted in passing that the 
derivation was in fact based on a varying C’, not on a varying y or g, so 
dH/dz should be interpreted as dC?/ygdz. Moreover, the result is applicable 
directly only to ¢; U, and U,, for example, are individually subject to some- 
what different dispersion relations.) 

Martyn has interpreted (50) in a manner directly analogous to that adopted 
in the ray theory of radio-wave propagation through the ionosphere: wave 
energy progressing from a height where gq? > 0, towards a height where 
g <0, will be reflected at the level where g? = 0. The application of this 
conclusion is of greatest immediate consequence at heights of 50-80 km, for 
there the value of g? decreases with increasing height in most modes of interest, 
and it can become negative for many of them. Modes in the latter category, 
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if generated low in the atmosphere, cannot penetrate to ionospheric heights 
(except with reduced energy flow, as deduced by a full-wave treatment; cf. 
the 12-hour solar tide). 

The reflected modes are indicated in Fig. 11, by reflection curves drawn 
for heights of 54 km and 79 km. Each curve indicates the demarkation between 
reflected modes (below and to the right) and transmitted modes (above and 
to the left), and is determined by the condition g? = 0 at the height indicated. 
This condition has two asymptotic properties which lead to two distinct 
branches in the graphical representation: at low frequencies it approximates to 


(55) lw/Rz| ~~ Cwp/wa, 


which appears as a nearly horizontal line in Fig. 11, and at higher frequencies 
to 


(56) w & wp, 


which appears as an inclined line. The heights of 54 and 79 km were chosen 
for representation because, on the model of the atmosphere adopted here 
(that of Minzner, Champion, and Pond 1959), wg has a minimum value 
(rt, ~8 minutes) at 54km and Cwg/w, has a minimum (~170m/s) at 
79 km. The illustrated curves then provide the extreme cases of reflection in 
the middle atmosphere, and the modes depicted by points lying above and 
to the left of both curves should escape serious reflection. The limits provided 


by the combination of these curves were employed earlier, in Fig. 6. The 
limit on w/k, provided by the 79-km height is the only one of interest at 
225 km, since w, there is less than the value of wg at 54 km; it is depicted 
in Fig. 12 by a curve which is now horizontal only in part. 


IV.7. Future Theoretical Analysts 

Many courses of theoretical development are open to further exploration, 
and some have been indicated already. Four principal areas seem to stand 
out: (i) variations from the simple atmospheric model employed through the 
bulk of the foregoing discussions, (ii) the detailed effects of dissipative pro- 
cesses, (iii) the consequences of wave interaction, and (iv) the relation between 
the basic atmospheric motions and the consequent variations of electron 
density. These will be discussed briefly in turn. 

(i) Some consequences of a change from an isothermal to a non-isothermal 
atmospheric model have already been pointed out. The reflection process to 
which this change gave rise has been discussed only briefly, and on the basis 
of what amounts to a ray treatment. The pertinent waves have, however, 
vertical wavelengths quite comparable to the scale of the temperature structure, 
and a full-wave treatment would therefore be more appropriate. This would 
lead to a picture in which partial reflection occurred for a broad range of 
modes, and total reflection in the middle atmosphere for none at all. The 
reflection curves of Figs. 11 and 12 would be broadened into a set of contours 
of varying transmission, and their form might be altered appreciably. 
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The possibility of ducting in a temperature-varying atmosphere should be 
explored along two further lines at least. Firstly, its significance to F-region 
travelling disturbances should be explored more fully, and some attention 
should be given to the corresponding energy density in the ducting region. 
The factor g-? in equation (54) indicates that a major ducted travelling dis- 
turbance in the F region might be accompanied by intense oscillations, and 
perhaps excessive turbulence, in the middle atmosphere where g ~ 0. Secondly, 
the possibility of locally generated ducted modes should be explored, with 
particular reference to E-region heights. There the local rg (~ 1 minute) is 
appreciably smaller than in adjacent regions above and below, and oscillations 
at periods close to this value might very well be truly ducted. This possibility 
would be of importance in the normal ionosphere only if tidal generation 
were effective, but it could become of great significance during disturbed 
conditions when particle precipitation into the upper atmosphere is severe. 

A further consequence of temperature variations can be of major impor- 
tance, particularly when local generation is effective. It may be recalled 
that w, was necessarily greater than w,, and examination of the dispersion 
relation will show that this fact is of considerable importance in determining 
the pattern of r-contours presented in Figs. 9-12. But, in a non-isothermal 
atmosphere, wz replaces wg in the dispersion equation and it is not necessarily 
less than w,. In fact, wg > wa whenever dH/dz > 0.064 (if y = 1.40), and 
this condition is satisfied both at heights of 25-45 km and again at all heights 
above 92 km (as determined on the basis of the model atmosphere of Minzner, 
Champion, and Pond 1959). The change is not appreciable for w < 0.3, 
say, nor for w > 3w,, but it becomes extreme when w, < w < ws. This is 
illustrated by Fig. 13, which is drawn for the conditions obtaining at a height 
of 110 km. Not only are the r-contours radically altered, but the speeds of 
propagation are highly variable. The most drastic change of all, perhaps, is 
that which occurs in the direction and magnitude of energy or wave-packet 
propagation; this can reverse itself through infinite values along a single 
r-contour, as is indicated. The wide variety of possibilities revealed by these 
considerations may provide some basis for an explanation of abnormal motions, 
particularly for those having extremely high apparent velocities. 

Finally, it may be recalled that the possible variation of y has been ignored. 
While this is appropriate up to £-region heights, its effect on F-region propaga- 
tion should receive further examination. 

(ii) Dissipative processes have received only casual treatment here, but 
their influence on the observable range of waves is certainly quite clear. They 
therefore warrant consideration in greater detail, with suitable revisions in 
the basic equations and with specific applications in mind. Each of the dissi- 
pation curves of Figs. 11 and 12 could be expanded into a set of contours 
indicating increasing rates of absorption or integrated absorption, and they 
might well be deformed in the process. In combination with contours of 
partial reflection, they should produce a family of propagational damping 
contours which might be fitted within the unshaded area of Fig. 6, for example. 
It is only in this way that selective propagational effects could be separated 
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Fic. 13. Contours of constant period in the m,;—n, domain. The periods, measured in 
minutes, are shown in boxes on the corresponding contours. The basic parameters are y = 1.40, 
g =9.5m/s?, H = 8.73km, and dH/dz = 0.59, whence 7, = 5.36 minutes and 7p = 3.40 
minutes. These apply at a height of 110km (Minzner, Champion, and Pond 1959). The 
dotted contours represent modes in which the vertical components of phase and energy pro- 
gression lie in the same direction; the solid contours represent modes in which the vertical 
components of phase and energy progression lie in opposite directions. The transition from 
the dotted to the solid portion of a single contour takes place through infinite values of the 
energy velocity. 


from selective generation, in an interpretation of the observed spectrum of 
wave modes. Turbulent and hydromagnetic viscosity must be explored, in 
addition to the molecular transport processes, in any exhaustive study. 
The energy dissipated in the upper atmosphere by these waves merits study 
in relation to the general heat.sources available there. Preliminary estimates 
indicate that the energy flux into the F region is normally an order of magnitude 
or more below that introduced by other processes (such as photoionization). 
The calculation involves much guessing as to the pertinent spectrum, however, 
and so cannot be considered as anything but a first attempt at an estimate. 
Moreover, it treats normal conditions only, and a significantly greater flux 
might well arise on individual occasions. The question of the wave contribution 
to the general heat balance must at the moment be considered an open one. 
(iii) Wave interaction is another process that has received only cursory 
examination. If the earlier speculations concerning a cascade of energy are 
at all pertinent, then an understanding of the process is essential to a full 
interpretation of the spectral distribution of the observed modes. In any 
event, such an understanding is necessary if the energy of the dominant 
modes is to be traced through to its ultimate sink, for the non-linear terms 
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in the governing equations certainly become important for some modes before 
ordinary molecular dissipation becomes strong. 

(iv) Most experimental studies of ionization irregularities in the E and F 
regions lack sufficient detail to warrant a thorough treatment of the per- 
turbation motion of electrons, as distinct from that of the atmosphere proper. 
A notable exception to this statement has already been mentioned, however, 
concerning the formation of a sporadic-E layer by Dungey’s process. A further 
exception has been implied: the interpretation of large-scale travelling distur- 
bances will depend strongly on the interaction of the atmospheric motion and 
the geomagnetic field on the movement of ionization. As an extreme example, 
the effects of two atmospheric waves may be contrasted, the one having its 
perturbation velocity U lying along, and the second lying transverse to, 
geomagnetic field lines; the first can be expected to produce a far greater 
irregularity in the electron distribution than the second. Other extreme 
examples are provided by the resonance concepts previously discussed. 

The actual motion of electrons will be affected by factors additional to 
those represented by these extreme cases. Their significance cannot yet be 
assessed, but it might very well lie, for example, in an explanation of seasonal 
variations in the observed directions ef propagation (Munro 1958). Such 
variations could, of course, result from variations in the propagation directions 
of the atmospheric modes that happen to be generated. But equally, an 
observational selection could be operating through the enhancement or 
suppression of some of the atmospheric modes when these are transformed 
into irregularities of electron distribution, and the selection parameters may 
well vary with season. This suggestion is purely speculative, but it has the 
merit of bringing geomagnetic parameters into the selection process, and the 
preferred directions of travel do seem to be more closely related to geomagnetic 
than to geographic co-ordinates. In any event, an observational selection is 
certainly operative and its importance should be evaluated. 


V. SUMMARY 


Many properties of the irregular winds observed at meteor heights can be 
explained if it is assumed that the motion is produced by internal atmospheric 
gravity waves. These waves also provide an adequate explanation of ‘drifts’ 
in the distribution of ionization in the E and F regions, and of ‘travelling 
disturbances’ in the F region. All of these motions, and perhaps other mani- 
festations of irregularities as well, can be fitted into a single comprehensive 


picture. 

In one form, this picture envisages the generation of the waves in the 
energy-bearing regions of the lower atmosphere. A broad spectrum of waves 
may be anticipated, having independently varying directions of propagation, 
periods, and horizontal wavelengths. The vertical wavelength is determined 
by the period and horizontal wavelength, in a fashion that changes with 
height as the waves proceed through regions of varying temperature. Some 
of the upward-flowing energy is partially reflected in the middle atmosphere. 
The dominant modes that escape reflection attain maximum amplitude in the 
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E region, but there their energy is dissipated as they enter levels of ever- 
increasing kinematic viscosity. By the time the F region is reached, only a 
minor portion of the original spectrum remains. The amplitudes of oscillation 
are nevertheless large, for there is a continual increase of amplitude with 
height in all modes free from severe dissipation. Some of the energy that 
reaches the F region does so only after suffering a partial ducting in the 
middle atmosphere, and that ducting can carry the corresponding disturbances 
horizontally over very great distances with little loss of energy. 

A more complete ducting could occur, and abnormal motions could arise, 
if the internal atmospheric gravity waves were generated locally in the E 
region. Non-linear interactions in the normal tidal oscillations might lead to 
this local generation, as could similar interactions in other waves propagating 
from the lower or middle atmosphere. Disturbances produced by, or in associa- 
tion with, the influx of particles at times of geomagnetic activity, provide 
an alternative local source of energy. Some evidence exists to suggest that 


this mechanism is indeed operative on occasion. 
The further confirmation and elucidation of the wave theory appears to 
provide hope for an increased understanding of motions at ionospheric heights. 
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FABRICATION ET ETUDE DES PROPRIETES DES EMULSIONS 
IONOGRAPHIQUES! 


JEAN FOURNAUX,? JOSEPH DEMERS ET PIERRE DEMERS 


RESUME 

Ce travail résulte de l’expérience acquise au cours d’essais systématiques de 
fabrication d’émulsion selon les formules de Demers: double jet, bromure pur, 
agitation régulitre, 82% de bromure d’argent dans l’émulsion séche. On présente 
plusieurs tableaux montrant les variations du voile, des dimensions granulaires, 
de la densité granulaire le long des traces de rayons a, de protons, d’électrons 
lents ou relativistes, sous l’influence de plusieurs facteurs: équivalence chimique, 
présence de chlorure, déminéralisation de la gélatine, vitesses d’agitation et 
d’écoulement, triéthanolamine, températures et durées d’attente, de maturation, 
de conservation, de coulée, de séchage, de développement. 

Les formules sont données en:détail. On a fait et répété des émulsions montrant 
des traces d’électrons longues avec 25-45 grains par 100 uw. On a obtenu des traces 
de fission encore plus détaillées que celles de Demers et Mathieu. On peut souvent 
y reconnaitre l’origine des deux traces opposées par la discontinuité de leur aspect. 
Les grains avant développement mesurent prés de 0.1 » de diamétre. Les con- 
clusions confirment le point de vue de Perfilov qui recommande une équivalence 
trés exacte au cours de la précipitation. Les résultats comparatifs suggérent la 
nécessité d’obtenir des cristaux trés réguliers avec le minimum de défauts. 


INTRODUCTION 


La fabrication des émulsions ionographiques dépend de nombreux facteurs, 
dont l’action exacte est encore loin d’étre élucidée. 

Les solutions mises en présence contiennent des sels d’argent, des halo- 
génures solubles, de la gélatine ou un substitut, et a l’occasion d’autres sub- 
stances. La nature des solutions, leurs concentrations, le mode de mélange, 
les excés relatifs d’argent ou d’halogénure, le pH et le pAg, les vitesses d’addi- 
tion et d’agitation, la forme des récipients et des agitateurs, la température, 
sont quelques-uns des paramétres dont dispose l’expérimentateur. 

On posséde jusqu’a maintenant trés peu de renseignements concernant 
l’action de ces paramétres au cours de la précipitation sur les propriétés 
finales des cristaux de bromure d’argent sensibles a l’action des particules 
ionisantes. Quelques auteurs décrivent des formules, évidemment celles qui 
leur ont semblé les meilleures. Rarement ont-ils indiqué les différences résultant 
d'un changement dans les divers paramétres. I] reste a faire l'étude systéma- 
tique et quantitative de ces influences. L’intérét d’une telle étude réside d’une 
part dans la possibilité de perfectionner un détecteur important pour la 
physique nucléaire aux hautes et aux basses énergies, et d’autre part, dans la 
possibilité de mieux résoudre ce probléme fondamental pour le processus 
ionographique: comment se fait-il que les cristaux d’halogénure d'argent, 
obtenus d’une certaine maniére, soient satisfaisants pour la détection des 
trajectoires des particules chargées et que d’autres cristaux, a peine différents 
d’aspect parfois, soient moins satisfaisants ou totalement inutilisables? 


1Manuscrit regu le 22 avril, 1960. ; 
Contribution du Dé ‘partement de Physique de la Faculté des Sciences, Université de Mont- 


réal, Montréal, Qué. 
*Adresse actuelle: Centre d'Etudes Nucléaires de Belgique, Mol-Donk, Belgique. 
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On peut déja donner a cette question des réponses partielles: les grains 
doivent étre uniformes et suffisamment petits. Ils doivent évidemment porter 
des défauts; mais le nombre, la grandeur, la dispersion et la disposition de ces 
défauts sont des caractéres que l’on commence a peine 4 connaitre, malgré 
quelques études récentes. Quant 4 savoir pourquoi telles conditions de préci- 
pitation et non pas telles autres conduisent a des cristaux satisfaisants, bonne 
sensibilité et peu de voile, la question reste encore sans réponse. C’est 1a un 
probléme qui intéresse la théorie des solides et de leurs défauts, en méme 
temps que la théorie physico-chimique de la précipitation. 

Un élément important pour cette discussion a été apporté par Perfilov et 
ses collaborateurs (1959) qui ont trouvé que l’équivalence exacte a chaque 
instant des solutions versées, assurait a la fois un grain trés fin et une sensi- 
bilité excellente dans leurs conditions opératoires (formule du triple jet). (On 
trouvera des renseignements sur ces sujets dans les travaux de Perfilov, Ciier, 
Simon, Oliver, Kubal, Markocki, Demers, etc. (Photographie Corpusculaire 
II, 1959), dans ceux contenus dans Photographie Corpusculaire I (1958) et 
dans certains chapitres d’ lonographie (Demers 1958). Voir aussi Colomer 1960.) 

La précipitation ne peut pas étre envisagée indépendamment des traitements 
ultérieurs subis par l’émulsion: centrifugation, prise, lavage, refonte, addition, 
coulée, séchage, sensibilisation. Au cours de ces opérations, se produisent des 
maturations inévitables, physiques (dimensions des grains), et chimiques 
(altérations des grains individuels), plus ou moins importantes selon la tem- 
pérature et la composition du milieu ambiant. Notamment, Il’action de la 
triéthanolamine ou TEA, reconnue il y a plusieurs années dans le laboratoire, 
a été observée, largement utilisée, et étudiée dans son mode d’action, par 
plusieurs auteurs russes: Perfilov etc., Bogomolov etc., Jdanov etc. (voir 
Phot. Corp. II). Il semble que dans certains cas du moins, les processus de 
maturation et de sensibilisation soient assez différents pour les émulsions 
ionographiques et pour les émulsions photographiques. 

En plus de ce qui est connu et publié sur ces sujets, il existe une quantité 
considérable de renseignements d’intérét scientifique, accumulés dans les 
archives de plusieurs établissements ot |’on fabrique des émulsions ionogra- 
phiques sur une échelle industrielle, qui attendent encore d’étre présentés au 
public scientifique de fagon compléte (Ilford, Kodak, Fuji, Agfa, Nikfi). II 
semble que tous ces établissements utilisent des formules converties a l’ammo- 
niaque a double jet pour obtenir leurs émulsions ionographiques les plus 
sensibles, de méme que plusieurs autres expérimentateurs. Pour notre part, 
de méme que Perfilov, Kubal, Oliver, Jdanov, nous nous sommes attachés 
principalement aux formules non converties ou neutres ne contenant pas 
d’ammoniaque. 

Dans le présent travail, nous avons étudié l’influence de divers paramétres 
de la précipitation et des phases ultérieures, sur les propriétés ionographiques; 
pour cela, nous avons exécuté des mesures systématiques de densité sur des 
traces de rayons a et de protons, et sur le voile, dans les émulsions préparées 
et traitées de diverses maniéres. Nous avons atteint certaines conclusions: 
importance d’une équivalence trés exacte A chaque moment des solutions A et 
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B versées (argent et bromure), ce qui ajoute, pour nos conditions opératoires, 
a la généralité du point de vue de Perfilov; importance de solutions trés exacte- 
ment titrées et versées; existence d’une région optimum de la vitesse d’agitation 
et de la vitesse d’écoulement; diverses données quantitatives sur les traitements 
thermiques, le vieillissement, la régression, la sensibilisation par la TEA et 


sur les bains de développement. 
Dans la préparation des émulsions, on a suivi les procédés généraux décrits 
déja (Demers (1958), p. 132-139, formules 19, 20, 21). 


I, INFLUENCE DES IONS CHLORURE 

La formule 21 comporte une addition délibérée de chlorure de sodium a la 
solution C, avant le début de la précipitation. On sait par ailleurs que la 
gélatine employée, Keystone 2191, contient une trace de chlorure. On a ainsi 
obtenu (Demers et Demers 1959) une amélioration quant a la finesse du grain, 
a la sensibilité et au voile. 

Nous avons repris ces essais avec les solutions disponibles 4 ce moment, 
avec la machine 4 pompes et a deux jets: 


Formule 21.1 
A: 109tours (63.6 cm’), solution AgNO; 
B: 110+1 tours (64.8 cm‘), solution KBr 
C: 7.5 g gélatine 2191 
50 cm? éthanol 
x g NaCl 
Le chlorure de sodium a été introduit sous la forme d’une solution a 
0.025 g/cm’ dans l’eau. Les solutions utilisées ont été analysées: 


A: 574 g AgNO;/I. B: 398 g KBr/I. 


Les concentrations sont ainsi 95.66% (A) et 94.26% (B) de celles prévues 
par la formule 19, assurant 82.9% de bromure d’argent dans |’émulsion 
finale. Valeurs prévues (A: 600 g/l. et B: 420 g/l.). De plus, elles ne sont pas 
équivalentes; A—B = 1.40%. Enfin, la solution B a été préparée avec l'eau 
ordinaire non distillée. 

On met d’abord 1 tour de solution B, puis on verse ensemble A et B. Les 
rapports Cl/Br en atomes, dans la formule compléte, vont de 0 a 0.013 6. Les 
plaques ont été sensibilisées 2} minutes dans une solution de triéthanolamine 
(TEA) a 6% (voir plus loin les essais sur la sensibilisation). Irradiation avec 
une source de dépét actif de ThB de 0.1 a 1 mec pendant plusieurs secondes 
a 1 ou 2 cm dans l’air. Développement a la chlorohydroquinone (voir a la 
fin). On a examiné les traces des rayons a de ThC et ThC’ dans les derniers 
33 uw de leur parcours (Tableau I). 

Ces émulsions renferment parfois de gros grains. Pour celle qui en renferme 
le moins, x = 0.1 g. Leur présence semble favoriser la finesse des autres grains, 
et elle réduit, dans les trajectoires, le nombre des lacunes. On a noté que les 
lacunes sont plus nombreuses si les grains sont irréguliers que s’ils sont régu- 
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liers. Pour juger de la qualité d’une émulsion d’aprés un tel tableau, il faut 
chercher un petit nombre de gros grains, peu de grains de voile; des grains 
petits dans la trace et dans le voile, un petit nombre de lacunes sont des 
caractéres souhaitables, en l’absence toutefois de gros grains. 


TABLEAU I 
Formule 21.1 (7.5 g gélatine) 


Addition Cl/Br en atomes 

Addition g NaCl 

Excés initial B/B total 

N. lacunes par p (a) 

N. gros grains par yu 

N. grains de voile par 100 yu? 

Diam. moyen en u des grains de la 
trace a 

Diam. moyen des grains du voile en » 


0.003 4 0.0102 0.013 6 
0.1 a 0.4 
0.009 5 0.009 
0.316 .276 0.303 
0 A 0.096 
2.22 3d 2.38 


a— 


woococ]e 
S55 


wo oot 


N 


0.34 ; 0.27 
0.24 3: 0.31 


oo 


L’émulsion la plus satisfaisante est obtenue avec x = 0.1 g. II est remar- 
quable que cette addition compense sensiblement l’écart d’équivalence: 
A-—B = 0.9%. Dans cette recette optimum, voici en atomes-grammes, les 
quantités d’halogéne total au début; 0.017 1 (Cl) + 0.006 56 (Br) = 0.023 7, 
et a la fin; 0.017 1 (Cl) + 0.307 2 (Br) = 0.3873 et la quantité totale d’argent 
a la fin: 0.368 5 (Ag). 

D’aprés le titrage potentiométrique de la gélatine 2191 (Oliver 1959), 
l’équivalence exacte serait obtenue ici avec x = 0.139 g. 

Etant donnés ces résultats, il fallait recommencer avec des solutions plus 
justes. 

Cette fois, on a opéré avec des quantités triples et toutes les solutions ont 
été faites avec de l'eau distillée. Elles n’étaient pas parfaitement justes. 


Formule 21.2 
A: 327 tours (191 cm’), AgNO; 598 g/I. 
B: 330+83 tours (195.2 cm’), KBr 419.8 g/l. 
C: 22.5 g gélatine 2191 
150 cm? eau 
75 cm’ éthanol 
x g NaCl 


Les titres sont de 99.66% (A) et de 99.96% (B) de ceux prévus. On a pris 
x = 0, 0.15, 0.3, 0.45, 0.60 g NaCl; proportions comme ci-haut (Tableau II). 

La finesse du grain, le nombre de lacunes, l’absence de gros grains s’accordent 
a recommander une addition nulle de chlorure de sodium. De plus, un excés 
initial de bromure de potassium plus élevé joue un réle sensiblement aussi 
délétére qu’un excés égal de chlorure de sodium en atomes (un tour B/B 
total = 0.003). Ces résultats suggérent encore qu'il y a lieu d’expérimenter avec 
des solutions plus justes et d’éviter tout excés initial d’halogénure. 
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TABLEAU II 
Formule 21.2 (22.5 g gélatine) 


Colonne No 

Addition Cl/Br en atomes 0 

Excés initial B/B total 0 

N. de lacunes par yp (a) 0. 

N. gros grains par pu 0 
5. 
0 
0 


B88 « 
~ 
“2838 » 
eo 


ee 
— 


N. grains de voile par 100 y? 

Diam. moyen en yu des grains de la 
trace a 

Diam. moyen des grains du voile en u 


ao 
bo oo 
o 


bobo S 
@ 
oo ococooco 


II. INFLUENCE D’UN EXCES INITIAL D’IONS Ag* OU Br- 


Avec les mémes solutions, on a repris la formule précédente, sans excés 
initial de solution B ou avec un excés y. Cet excés y est positif, ou méme 
négatif: dans ce dernier cas, c’est un excés initial de solution A qu’on emploie. 


Formule 21.3 
A: 327 tours AgNO; 598 g/l. 
B: 327+y tours KBr 419.8 g/I. 
C: 22.5 g gélatine 2181 
150 cm? eau 
75 cm’ éthanol 


On a varié y entre +3 et —20. Les mesures correspondantes paraissent au 
Tableau III et a la figure 1. Quand on réduit l’excés depuis y = 3, les lacunes 
diminuent, sont minimum 4 y = —1, augmentent, puis diminuent encore. 


Réservoirs mixtes 


‘Ss rt ry 


Fic. 1. Machine 4 deux pompes et 4 deux réservoirs intermédiaires. 


Pendant ce temps, le voile augmente (sauf entre 0 et —5) et le diamétre des 
grains, dans le voile autant que dans les traces parait augmenter continfiment. 
La seconde diminution de la densité lacunaire s’explique donc facilement, sans 
invoquer un accroissement de la sensibilité. On voit qu’il existe un comporte- 
ment a peu prés symétrique du voile et des lacunes autour de y = —1, sauf 
aux grands excés d'argent ot évidemment il se passe d’autres phénoménes. 
Plus précisément il semble exister une relation inverse entre la densité du 
voile V et la densité des lacunes L, car le produit VZ varie assez peu (sauf un 
point, y = —12), mais il présente cependant un minimum dans la région 
y=1,0et —1. 
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Il faut penser que lorsqu’on verse un excés initial d’ions argent, ceux-ci 
réagissent avec le chlorure présent d’avance dans la gélatine. 

L’équivalence des quantités versées simultanément par les pompes est 
essayée avant chaque précipitation par précipitation dans l’eau, en présence 
de diacétate de fluorescéine en solution alcaline comme indicateur. On a 
reconnu aussi que les volumes donnés plus haut pour A et pour B doivent 
étre pris comme ‘‘nominaux’’ seulement. Ils sont calculés sur la base de 
0.584 cm* par tour. Ceci ferait dans le cas actuel, qu’il s’écoulerait une quantité 
de bromure excessive, puisque les engrenages sont dans le rapport B/A = 101 
100. Cependant, on a trouvé l’équivalence exacte (a 0.05 tour prés sur 20). 


TABLEAU III 
Formule 21.3 (22.5 g gélatine) 








Excés y tours B 3 0 -1 —3 —-5 
N. de lacunes par 
33 mw (a); L’ 
N. de lacunes par 
u (a); L 0.27 wi : 0.07 
N. de grains de 
voile par 100 yu? 
V 


8.8 4 2.3 4.3 


Produit VL’ 
Diam. moyen en 
u des grains de 
la trace @ 
Diam. moyen en 
uw des grains du 
voile 


La volumétrie assurée par les pompes n’est donc pas aussi bonne qu’on le 
souhaiterait. La pompe a bromure parait étre responsable de ces écarts. Elle 
est parcourue par la solution aqueuse B de bromure de potassium et elle 
présente parfois fuites et corrosions. On a pour ce qui suit modifié le circuit 
de maniére qu'il soit parcouru par de I’huile de paraffine qui est le fluide idéal 
pour une telle pompe. Pour cela, on a installé comme pour la solution de nitrate 
d'argent A, un réservoir intermédiaire étanche, ot I’huile entre et d’ot sort la 
solution aqueuse. La pompe A, parcourue par de l’huile, ne donne lieu a 
aucun ennui. 

Oliver utilise déja ainsi deux réservoirs intermédiaires, A et B. II serait 
avantageux que le systéme volumétrique des pompes et des réservoirs soit 
isolé thermiquement de facon a éviter les dilatations qui font entrer ou sortir 


les liquides des réservoirs intermédiaires. 


Inter prétation 

Tout compte fait, les essais ne démontrent pas que la présence de chlorure 
dans la solution C soit spécifiquement avantageuse. Ce chlorure parait étre 
utile dans les cas of il assure une équivalence globale plus exacte entre l’argent 
et l'halogénure mélangés. Le bromure et le chlorure semblent jouer un réle 
comparable l'un et l'autre. 

Nos résultats s’accordent assez bien avec ceux de Perfilov, qui a trouvé 
moyen de préparer une émulsion a grain trés fin (0.06 uw) et trés sensible (100 
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grains/100 4 au minimum d’ionisation), en maintenant un excés trés faible 
d’argent par rapport 4 l’équivalence pendant toute la précipitation. Nous avons 
vu qu’un excés modéré d’argent ne nuit pas plus qu’un excés de bromure, 
dans nos expériences actuelles, au contraire de certaines observations d’il y a 
plusieurs années (un excés temporaire d’argent causait du voile). Nos résultats 
s’accordent surtout avec ceux d’Oliver qui, avec une formule et une machine 
semblables aux nétres, a trouvé qu’un léger excés d'argent, maintenu pendant 
toute la durée de la précipitation, donne les mémes résultats qu’un léger excés 
de bromure. II n’a pas trouvé de singularité 4 l’équivalence exacte. 

Perfilov et Oliver utilisent un contréle potentiométrique de 1|’équivalence. 
Perfilov agit manuellement sur des burettes, Oliver agit sur les pompes par 
des servo-moteurs et un systéme électronique. Perfilov a une agitation tumul- 
tueuse, semble-t-il, et sa solution B contient de préférence quelques centiémes 
d’iodure. Oliver agite ses solutions comme nous. Perfilov n’a pu obtenir les 
mémes résultats avec un contréle purement volumétrique des solutions versées, 
le contréle potentiométrique était nécessaire. I] utilise la sensibilisation par l’or 
et par la triéthanolamine. Pous nous, la triéthanolamine est trés efficace mais 
l’or ne s'est montré d’aucune utilité, dans quelques essais faits précédemment. 

Nous nous proposons maintenant de fixer rigoureusement la volumétrie, au 
point de contrdéler l’équivalence des solutions versées 4 1 goutte prés du début 
a la fin. 

Nous sommes donc devant un probléme intéressant au point de vue de la 
théorie de la sensibilité des cristaux comme au point de vue des applications. 
Comment se fait-il que la sensibilité, la pureté, la finesse des grains soient 
moins bonnes si l’on s’écarte de |’équivalence exacte? 


Ill. INFLUENCE DE DIVERS FACTEURS. FORMULE 22 
(a) Gélatines 

Les essais ont été poursuivis en évitant tout excés initial intentionnel de 
chlorure (formule 21) c’est-a-dire en revenant presqu’a la formule 19. Comme 
l'expérience nous a suggéré d’éviter tout excés initial d’halogénure, nous 
adoptons pour la nouvelle formule le No 22. 

La machine a deux pompes sert a ces expériences, tant6t avec le rapport 
d’engrenages B/A = 101/100, tant6t plut6t avec le rapport B/A = 100/100. 
Il n'y a pas d’excés initial et il y a un réservoir d’huile intermédiaire pour 
chaque solution, A et B. Les solutions titrent 99.66% et 99.96% des quantités 
prévues (A 600 g/l. AgNO:, B 420 g/l. KBr). 


Formule 22.1 
A: 327 tours (191 cm*), AgNO; 598 g/I. 
B: 330 tours (193 cm*), KBr 419.8 g/I. 
C: 22.5 g gélatine 2191 Keystone 

150 cm’ eau 

75 cm’ éthanol 


Formule 22.2 
Comme 22.1 mais gélatine 1260. 
Ces deux émulsions ont été coulées a 37° C, sensibilisées 3 minutes dans la 


TEA 6%. L’irradiation a été faite au voisinage de la cible émettant les neutrons 





PLANCHE | 


Trajectoire d’électron rapide; / div. = 0.75 u. 
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D+T, de 14 Mev de I’accélérateur Cockroft-Walton du Département de 
Physique. On obtient ainsi des traces longues de protons de recul, ot les grains 
peuvent étre comptés plus facilement que dans celles des rayons a. On peut 
aussi mieux estimer la sensibilité lorsque celle-ci est assez élevée. En plus de 
trajectoires denses de protons, on a commencé d’apercevoir dans ces plaques 
des trajectoires beaucoup plus faibles, 4 peu prés rectilignes et de longueurs 
variables, atteignant parfois 100 yu, d’électrons. L’origine de ces électrons n’est 
pas tout a fait claire (figure 2). 

Aprés conversation avec M. Paul Lorrain qui a construit (1959) cet accéléra- 
teur, deux explications se présentent. (1) La source d’ions positifs dans 
l’accélérateur recoit un courant d’électrons d’environ 500 kev, et émet par 
suite des rayons y ayant a peu prés cette énergie, qui parviennent jusqu’aux 
plaques voisines de la cible a l'autre extrémité de l'appareil. (2) Dans la cible 
se forme constamment du "C radioactif par une réaction m2n des neutrons 
sur le carbone déposé sur la cible 4 cause des traces d’huile de pompage. Ce 
noyau se désintégre avec une période de 10 secondes en émettant des positons 
qui donnent la radiation d’annihilation d’environ 500 kev aussi. 

Il est possible que les deux explications soient valables concurremment. Les 
traces faibles observées sont suffisamment sinueuses et difficiles 4 suivre pour 
étre attribuées a des électrons de 500 kev environ. Si cette identification est 
exacte, leur ionisation est légérement supérieure a celle du minimum: environ 
1.15 fois le minimum. Les traces encore plus sinueuses appartiennent a des 
énergies plus faibles et des ionisations plus fortes. Pour choisir les traces de 
ionisation la plus faible on cherche les segments les plus rectilignes et les 
plus longs possible. 

Dans les plaques formule 22.2 les traces faibles observées avaient une densité 
granulaire atteignant 24 grains/100 yu, sans voile excessif. Avec un révélateur 
au glycin au lieu de celui 4 la chlorohydroquinone les résultats sont encore 
meilleurs et les plaques sont utilisables. Des essais antérieurs avec la formule 
19 avaient conduit a rejeter la gélatine 1260. 


(b) Température de coulée 
On a maintenant expérimenté dans les conditions B/A = 100/100. 


Formule 22.3 
A: 327 tours (191 cm’), AgNO; 598 ¢/1. 
B: 327 tours (191 cm*), KBr 419.8 g/I. 
C: 22.5 ¢g gélatine 2191 

150 cm*® eau 

75 cm’ éthanol 


Sensibilisation comme ci-haut; coulée a 45° C. Cette fois on a observé des 


portions rectilignes des traces d’électrons: 11 grains/11l yp, 13 grains/16.5 pg, 
14 grains/14.5 uw. La densité granulaire de ces traces atteignait done 100 grains 
100 u, mais ces électrons courts avaient probablement moins que 500 kev et 
ionisaient probablement quelques fois le minimum. Pour un proton de par- 
cours résiduel 1000 u, la densité était 250 grains/100 u. 
La méme émulsion coulée 4 37° C a montré 13 grains/37 » pour un électron 
et 170 grains/100 « pour un proton de parcours résiduel 1035 yu, aprés irradia- 
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tion et développement dans les mémes conditions. Une seconde coulée faite 
aussi 4 37° C a donné des résultats peu prometteurs; on a essayé sur les plaques 
de cette seconde coulée l’effet de deux sensibilisations successives, la seconde, 
appliquée aux plaques déja sensibilisées une fois et séchées, ayant lieu pendant 
23 minutes dans la TEA 6%. L’effet d’une seconde sensibilisation a paru 
néfaste pour les électrons, méme s’il n’a rien modifié de la densité des protons 
et des rayons a. Electrons aprés une sensibilisation: 7 grains/15 wu; aprés deux 


sensibilisations: 15 grains/60 uz. 


(c) Agitation 

La formule 22.3 a été appliquée, avec une modification fortuite: l’agitation 
fut arrétée pendant quelques secondes au cours de la précipitation. A ce 
moment on constata un précipité de gros cristaux dans le récipient. L’émulsion 
a montré des trajectoires avec des lacunes nombreuses, et un voile génant de 
gros grains. Elle n’a montré aucune trace d’électron. 


(d) Conclusions 

Ces essais suggérent la possibilité d’obtenir réguliérement la sensibilité au 
minimum d’ionisation, avec la formule 22 (type 22.3). I] paraft nécessaire de 
régir exactement les facteurs suivants: 

1. Equivalence exacte a tout instant, du début a la fin. Solutions exactement 
équivalentes, débitées sans excés initial et dans le rapport voulu. La présence 
des deux réservoirs intermédiaires est utile pour assurer une bonne volumétrie, 
car le fonctionnement des pompes est trés régulier quand elles sont parcourues 
par de I’huile. 

2. Température de coulée de 45° C. La coulée faite 4 37°C a donné des 
résultats inférieurs. I] faut conclure 4 une forme de deuxiéme maturation, 
ayant lieu en refonte aprés lavage des nouilles, qui est insuffisante a 37° C. 

3. Agitation constante. Elle est nécessaire durant toute la précipitation. 
Pour étre plus sfirs, nous imposons une post-agitation d’environ 2 minutes, a 
vive allure, une fois la précipitation achevée. 

Notre recherche de l’équivalence exacte est quelque peu faussée par la 
composition méme de la gélatine 2191, qui renferme une faible proportion de 
chlorure. Nous avons cherché a priver cette gélatine de chlorure. 


IV. INFLUENCE D’UNE DEMINERALISATION DE LA GELATINE 


Dans les essais préliminaires, on a mis en contact les grains de la gélatine 
2191, ceux de l’Amberlite et de l’eau froide. On s’est ensuite fixé au mode 
opératoire ci-dessous. L’Amberlite est une résine échangeuse d’ions; le type 


MB3 retient les cations et les anions. 

On place ensemble 30 g d’Amberlite MB3, 45 g de gélatine 2191 et 300g 
d’eau distillée. On fait fondre et on maintient 4 45+5° C au bain-marie. On 
agite constamment, de maniére a garder en suspension les grains d’Amberlite 
non solubles, pendant 10 heures ou davantage. On raméne la masse a son poids 
initial (875 g), en ajoutant de l’eau pour compenser les pertes par évaporation. 
On laisse décanter 12 heures 4 45° C. Puis, le poids total étant ramené encore 
a 375g, on soutire exactement 175.5 g de la solution. L’analyse chimique 
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décelait des traces de chlorure dans la gélatine initiale, mais n’en décelait 
pas aprés ce traitement. Si on réduit la quantité d’Amberlite 4 100u 20g 
ou la durée du traitement 4 moins de 10 heures il reste du chlorure. 


Formule 22.4 
Comme 22.3 mais: 
Solution C: 175.5 g solution de gélatine 2191, déchlorurée par 1’Amberlite 
22.5 g gélatine, 150 g eau) 
75 cm’ éthanol 


Formule 22.5 = 22. 

Afin d’obtenir des résultats significatifs on a jugé nécessaire de préparer 
céte a céte la formule modifiée 22.4 et une formule témoin (22.5 = 22.3), 
comme une garantie dans I|’interprétation des résultats sur la sensibilité aux 
électrons. Les émulsions 22.4 et 22.5 obtenues ensemble ont été coulées a 
37° C, irradiées comme précédemment et développées aux révélateurs glycin 
et amidol. On a essayé deux sensibilisations successives 4 la TEA 6% de 33 
minutes chacune, séparées par le séchage des plaques. 


TABLEAU IV 


Effet de l’Amberlite sur la densité des traces d’électrons rectilignes 


Formule 22.4 Formule 22.5 
40 gr./100 pw, 16 gr./23 pw 11 gr./60 uw, 20 gr./100 x 
31 gr./53 w, 62-64 gr./100 p 
2 sensibilisations 18 gr./21 w, 72 gr./100 pw fins de traces seulement 
Diam. moyen des grains tres fins 0.12 


1 sensibilisation 


D’aprés le Tableau IV la déchloruration de la gélatine 2191 joue donc un 
rdle heureux puisque la formule 22.4 conduit a une densité nettement supérieure 
des traces d’électrons. On note |’effet d’une seconde sensibilisation, favorable 
dans le cas de la formule 22.4, défavorable dans le cas de la formule 22.5. On 
peut supposer que les conditions optima de premiére sensibilisation deman- 
deraient un traitement plus énergique que celui choisi, dans le cas de la formule 
22.4; un second traitement compléte alors le premier tandis qu’il est excessif 
dans le cas de la formule 22.5. 

Le traitement de la gélatine 2191 par l’Amberlite a sGrement d’autres effets 
que celui d’enlever les ions chlorure. I] enléve probablement la plus grande 
partie des éléments minéraux de la gélatine, des expériences faites en traitant 
par l’Amberlite d’autres gélatines ont montré que les substances sensibilisa- 
trices naturelles sont enlevées. Une gélatine active devient alors inerte et 
impropre a la production d’émulsions photographiques trés sensibles. 

On peut supposer que ces substances ont aussi été enlevées de la gélatine 
2191 dans la formule 22.4. Ceci fournit un argument de plus soulignant la 
différence entre les centres de sensibilité requis en photographie et en iono- 
graphie. Les centres de sensibilité aux particules ionisantes, dans les conditions 
de préparation décrites c’est-a-dire dans les émulsions au bromure pur et 
neutre, sont mieux obtenus avec une gélatine privée de chlorure, d’éléments 
minéraux et de sensibilisateurs naturels. 
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V. INFLUENCE DE LA VITESSE D’AGITATION 

La vitesse d’agitation est un facteur physique qui se préte a une étude 
systématique. Pour l’étudier, on a d’abord réalisé un indicateur de vitesse. 
Sur la tige de l’agitateur on a monté une roue en caoutchouc de diamétre 
3.5 cm. Cette roue entraine une seconde roue, de diamétre 2 cm. Cette seconde 
roue montée sur une petite magnéto est appliquée sur la premiére par un 
ressort. On produit ainsi un courant variable, dont la valeur est lue sur un 
milliampéremétre fixé au dessus du moteur, sur le bati de l’agitateur. La 
magnéto est d’un modéle destiné aux ascensions de ballons-sondes; elle pése 
environ 20 g et mesure moins de 4 cm de cété. Aprés étalonnage, on peut lire 
sur le cadran du milliampéremétre les vitesses d’agitation en tours par minute, 
depuis environ 10 jusqu’a 300 t.p.m. L’agitateur a la forme B figurée p. 134, 
figure 47, lonographie. 

On a d’abord choisi trois vitesses: la premiére parait insuffisante pour 
éviter la stagnation des nappes de solutions plus denses au fond du récipient. 
La vitesse moyenne parait tout juste suffisante pour assurer un mélange 
intégral. Les vitesses choisies ainsi sont 60, 120 et 240 t.p.m. 


Formule 22.6 
Comme 22.3. Vitesses d’agitation v = 60, 120 et 240 t.p.m. (L, M, R). 


Dans cette série formule 22.6, la vitesse d’écoulement des solutions A et B 
ne fut pas gardée constante. La durée de précipitation a été comme suit: L, 


2 minutes; M, 9 minutes; R, 5 minutes. Aprés la précipitation, on a pratiqué 
une post-agitation d’environ 2 minutes a vive allure. On les a coulées 4 32° C, 
afin d’étre mieux assuré d’éviter le voile dans chacune et de mieux constater 
leurs différences. On a coulé, séché, sensibilisé et développé dans les intervalles 
de temps les plus courts possible. 

On a constaté des différences évidentes 4 simple inspection. Le filament 
d’une lampe rouge ne se distingue pas a travers les couches v = 60 t.p.m.; il 
se distingue bien 4 v = 120 et mieux 4 v = 240 t.p.m. Cette différence tient a 
la dimension granulaire, qui est fonction inverse de la vitesse. Des échantillons 
d’une goutte ont été prélevés a différentes étapes des trois précipitations en 
vue de l’examen au microscope électronique, dont M. Ivan Batthyany se 
charge. Les premiers résultats de cet examen confirment la diminution de la 
dimension granulaire aux vitesses croissantes (depuis d = 0.18 4 jusqu’a 
0.1 yu). 

Ces émulsions ont été impressionnées avec des rayons a et avec les protons 
de recul des neutrons de 14 Mev. On y a pratiqué des mesures systématiques 
sur ces traces et sur le voile. On ne s’est pas attaché aux électrons occasionnelle- 
ment présents. On a développé les plaques ensemble dans un méme bain avec 
le révélateur au glycin. L’examen du Tableau V montre les caractéres suivants, 
pour les émulsions dénotées L, M et R (60, 120 et 240 t.p.m.). 

L’émulsion L présente un nombre prohibitif des lacunes dans les rayons a 
et les protons. Ce nombre est minimum dans |’émulsion M, et l’émulsion R 
est intermédiaire entre L et M. Cependant il y a beaucoup de grains fins et 
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pales dans les traces R, de sorte qu’un certain nombre des lacunes observées 
dans cette émulsion peuvent étre en réalité occupées par un grain trop pale 
pour ¢tre visible. L’émulsion R pourrait tolérer sans voile excessif un développe- 
ment plus énergique, par exemple dans l’amidol. A ce moment le nombre 
des lacunes diminuerait sans doute, sans accroissement notable du diamétre 
des grains visibles. C’est a la lumiére de cette observation qu’ il faut interpréter 
les mesures du Tableau V et des tableaux suivants. L’émulsion M parait 
étre la plus sensible, mais il est difficile de décider quelle est la meilleure 
émulsion, de M ou de R, vu le développement incomplet de cette derniére. 

Le voile est plus fort en surface, c’est ce qui explique la différence entre le 
voile accompagnant les rayons @ et celui accompagnant les protons. En effet, 
les protons sont en volume et les rayons a en surface. A noter la grande 
hétérogénéité des grains de l’émulsion L, tant dans le voile que dans les 
traces. 
Formule 22.7 

Comme 22.6, mémes vitesses, désignées par L’, M’, R’, écoulement en 
5 minutes. 


Formule 22.8 
Comme 22.6, mais vitesses d’agitation 100, 120, 150, 200 t.p.m., écoulement 
en 5 minutes (24 IX 59, L’”, M”, R”, RR”). 


Ces formules ont confirmé les résultats de la série LMR 22.6. A 100 t.p.m., 
l’émulsion est un peu sale, 4 120 et 200 t.p.m., elle est propre et sensible, on 


trouve des électrons rectilignes comptant de 15 a 25 grains par 50 u et des 
protons comptant environ 144 grains entre les parcours de 400 et de 467 u. 
La meilleure émulsion parait étre M’’. Il est curieux d’observer une chute 
des propriétés entre M” et RR”. Cette chute s’est vérifiée dans une seconde 
série de mesures portant sur une autre coulée des mémes émulsions. Elle est 
peut étre due a une singularité de l’agitation qui se ferait, a la vitesse R”, 
avec des vibrations latérales qui n’existeraient pas aux trois autres vitesses 
pour des raisons de résonance. Avant d’approfondir davantage le sujet des 
vitesses d’agitation, il nous faudra un bati plus solide que celui dont nous 
disposons, par exemple sur un banc de perceuse. 


Formule 22.9 
Comme 22.6, mais vitesses d’agitation 90, 120, 180, 250 t.p.m., écoulement 
en 5 minutes (1 X 59). 


Les couches ont séché avec de fortes rides 4 cause d’une ventilation trop 
énergique trop t6t aprés la coulée. Elles étaient voilées et peu sensibles. Elles 
montraient des protons mais aucun électron. II faut attendre que l’émulsion 
ait fait prise avant de lancer l’éventail. Cela requiert au moins 1 heure. Cette 
série a cependant montré un minimum de sensibilité 4 la vitesse 180 t.p.m., 
s’accordant avec celui observé 4 150 t.p.m. pour la formule 22.8. 


Formule 22.10 
Comme 22.6, mais vitesse d’agitation 120, écoulement en 1.25, 2.5, 5 ou 
10 minutes (20 X 59). 


L’écoulement normal de 5 minutes a donné les meilleurs résultats, celui de 
2.5 minutes donne de bons résultats, montrant aussi des trajectoires rectilignes 
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d’électrons (15-25 grains/50 uw). Ceux de 1.25 et de 10 minutes donnent trop 
de voile et les traces rectilignes d’électrons sont a peine visibles. A 1.25 minutes, 
il y a un dépét de gros grains sur la face verre. 

On peut supposer que la vitesse d’agitation V, et la vitesse d’écoulement 
V2 doivent augmenter en proportion I’une de I’autre, de sorte que schématique- 
ment les propriétés de |’émulsion ne dépendent que du quotient V;/ V2. 
Cependant aux vitesses d’agitation excessives, il y a turbulence et la relation 
ne s’applique plus. 


VI. DYNAMIQUE DU MELANGE 


Le mélange des deux liqueurs A et B ajoutées dans la masse C agitée pose 
des problémes de dynamique des fluides. On a abordé son étude expérimentale 
en agitant réguliérement une masse d’eau dans un récipient blanc ou bien 
transparent. Si on verse un filet d’encre de Chine ou d’une autre couleur, le 
procédé ne se préte pas a |’établissement d’un régime permanent observable: 
en 1 seconde, la masse est uniformément teintée. On a ensuite teinté l’eau du 
récipient avec un indicateur de pH, phénolphtaleine ou bleu de bromothymol. 
Avec deux pipettes ou deux burettes on verse alternativement ou simultané- 
ment une solution d’acide A’ et de base B’. On arrive ainsi 4 obtenir pour 
quelques secondes ou méme indéfiniment, un ou deux filets colorés représentant 
la diffusion de A’, ou de B’. Ces filets décrivent une hélice (figure 3) ou un 
anneau diffus. Avec un débit donné de A’ et de B’, la longueur de ces filets 
est une mesure de la rapidité du mélange. Si la liqueur tombe goutte a goutte 


la durée de permanence est une autre mesure de cette rapidité. Le mélange 
est plus lent si le point d’accés est prés du centre. Au fond du tourbillon, 
autour de l’agitateur méme, la vitesse linéaire est faible, dans une couche 
plus ou moins épaisse, et le mélange est particuliérement lent. Les filets 





Fic. 3. Tourbillons. 
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descendants, a un certain niveau, sont resserrés, puis passé cette zone d’étran- 
glement, ils s’épanouissent au niveau des pales. 

Un autre procédé d’observation utilise un petit morceau d’éponge. On voit 
cet objet qui s’attarde aux points de vitesse verticale faible, c’est-a-dire au 
fond du tourbillon, et qui passe en séjournant peu de temps aux endroits de 
grande vitesse. La turbulence peut s’observer par la rotation de Il’objet s’il est 
coloré diversement sur ses faces. Les bulles présentes aux vitesses suffisamment 
élevées de rotation de l’agitateur fournissent encore un procédé distinct 
d’observation. On voit alors les familles de trajectoires, montantes au bord, 
descendantes au centre, ondulées et spiralées finement au niveau des pales. II 
y a lieu par conséquent de choisir un point d’accés loin du tourbillon, voisin 
de la paroi; ces expériences confirment le point d’accés que nous avons recom- 
mandé: aux deux-tiers de la distance axe-paroi. 

La profondeur du point d’accés sous la surface libre semble avoir assez 
d’importance; l’immersion 4 mi-hauteur semble préférable. 

Le mouvement du fluide peut se représenter comme une superposition: une 
rotation d’ensemble d’axe vertical de vitesse angulaire probablement environ 
moitié ou trois-quarts de la vitesse de l’agitateur, plus faible au bord, s’annulant 
aux parois; une rotation dans le plan passant par I’axe vertical. En l’absence 
de phénoménes gyroscopiques, les deux mouvements précédents s’exécuteraient 
sans mélange; leur superposition déplacerait un élément de volume a la maniére 
d’un fil enroulé sur un tore autour d’une surface dépourvue d’ascension et de 
descente notable, sans disperser cet élément de volume. II y a d’autres mouve- 
ments non laminaires s’ajoutant. Il parait y avoir des rouleaux successifs 
prenant leur origine autour des palettes de l’agitateur, s’en détachant et 
montant jusqu’a la surface, on peut imaginer 3 ou 4 tels rouleaux principaux 
par tour. Pour expliquer ces rouleaux on peut invoquer l’effet gyroscopique 
résultant de la superposition des deux mouvements de rotation ci-dessus. La 
surface du fluide est en effet sillonnée de rides mobiles disposées en spirale. I1 
est clair que ces remarques n’épuisent pas le sujet. 


VII. EFFETS ET SCHEMAS DE CONSERVATION 

Sur les émulsions précédentes L, M, R, et L’’, M”, R”, RR”, on a procédé 
a plusieurs essais, dans lesquels on a attendu des temps variés entre les 
diverses étapes du processus ionographique. 

Les diverses durées d’attente ou de conservation caractérisent l'histoire de 
l’émulsion. L’histoire purement temporelle est entiérement déterminée si on 
donne les durées séparant l’époque des diverses opérations (ou encore, si on 
donne l’époque de ces opérations). On peut schématiser en supposant ces 
opérations instantanées, ou du moins en les représentant dans cette histoire 
par leur époque initiale ou moyenne. L’histoire complete décrirait |’évolution 
au cours de ce temps, de chacune des variables susceptibles d’agir sur les 
propriétés ionographiques et spécialement: température, pH et pAg, humidité, 
teneur en eau, etc. L’histoire commence avec la précipitation P et se termine 
lorsque la plaque est préte pour l’examen microscopique. Elle comprend les 
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Fic. 4. Diagramme par lignes vertica . 
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étapes: précipitation P, mise a la glaciére et gélification G, lavage L, refonte R 
et coulée C, fin du séchage S, sensibilisation 4 la TEA T7, irradiation J, 
développement D. 

L’histoire temporelle peut se décrire sur un diagramme ou “‘schéma de 
conservation” par traits superposés ou alignés. Les durées de conservation 
se lisent comme les intervalles entre ces traits et peuvent se désigner par deux 
lettres (ou davantage); par exemple, on peut écrire: 

PD = PG+GL+IRCS+ST+TI+ID = PSD. 

De tels diagrammes peuvent aider 4 mettre en évidence dans un cas concret, 
les diverses durées de conservation dont il faut tenir compte. Les figures 4 et 
5 montrent un schéma avec des durées représentatives. L’histoire compléte 


requiert des diagrammes a deux dimensions. La figure 6 montre un diagramme 
d’histoire thermique avec des valeurs représentatives. 


5 


P L LRO TID D 


S 
Si. teenies Oe hs bi deed. 
\ lon 10 15 16% Oh 9410411, 15 


Mardi Mercredi 








"12 
Mardi Mercredi 


Fic. 5. Diagramme par lignes horizontal. 
Fic. 6. Diagramme thermique. 


D’aprés notre expérience passée et d’aprés les mesures actuelles, qui portent 
sur les émulsions L, M, R, et quelques autres, aucune de ces durées n’est tout 
a fait indifférente. Voici des observations et des tableaux de mesures, con- 
cernant les durées successives. Jusqu’a l’irradiation on parle du vieillissement 
ou de la maturation de |’émulsion; aprés l’irradiation, il y a vieillissement ou 
régression de l’image latente. Les durées autres que celle mise en expérience 


ont d’ordinaire été réduites au minimum. 


(a) Maturation en gel, durée LC 
A ce sujet nous avons eu des résultats variables. Les émulsions LMR 22.6 
ont été coulées a 37° C aprés 1 jour et aprés 34 jours (Tableau V). Les émulsions 
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ont été traitées identiquement par ailleurs. L’émulsion gardée a la glaciére a 
4° C sous forme de nouilles s’est nettement détériorée dans ces 33 jours. Les 
traces sont moins denses et le voile est plus fort; le diamétre des grains se 
maintient avec peut-étre une légére diminution pour M et une légére aug- 
mentation pour R. Cependant la détérioration est moindre pour l’émulsion R 
qui a le grain le plus fin. On peut croire que la maturation qui se produit dans 
le gel est trop rapide. Pour étre efficace, elle doit selon nos vues, se produire 
trés lentement et c’est ce qui se produit dans l’émulsion séche. 

Dans une autre expérience, la formule 22.8, L’’ 4 RR” coulée a 45° C aprés 
2 jours ou a 48° C aprés 20 jours, a montré dans les deux cas des traces longues 
d’électrons rectilignes. 


(b) Maturation en refonte, durée RC 

Les émulsions L’’, M’”’, R’”’, RR”, formule 22.8 ont été fondues a 48° C 19 
jours aprés la précipitation. Des lames ont été couvertes immédiatement (0 a 
5 minutes), d’autres avec l’émulsion gardée 4 48° C pendant 20 minutes, 1 
heure 50 minutes, 3 heures, 5 heures 10 minutes et 24 heures. On a sensibilisé 
sans délai. Aprés 2 jours, on a irradié avec les rayons a et 8 d’une source de 
dépét actif du thoron; aprés 43 et 98 jours (22° C humidité 65%), avec des 
neutrons de 14 Mev; on les a développées immédiatement dans le révélateur 
au glycin. On a observé des traces dans toutes les plaques, qui reflétent 
l’influence de durées variables RC et TJ. Voici le résumé des expériences. 


TABLEAU VI 





Quatre vitesses d’agitation, L”, M”, R”, RR”; pour chacune: 
PR = 19j RC = 0-5 min CST < 2j TID = 2j (a) 
43 j (P) 
98 j (P) 
20 min idem... 
1h40m_ idem... 
3h idem... 
5h idem... 
24h idem... 


Vaud 


Le dépouillement de ces plaques n'est pas terminé. Un fait est frappant, 
c’est que les maturations échelonnées entre 5 minutes et 24 heures, ont trés 
peu d’influence sur les rayons 8 observables, sur la densité granulaire des 
protons examinés entre R = 400 u et 4664, sur celle des rayons a, sur la 
dimension des grains et sur le voile. La maturation (durée RC) ne semble ni 
améliorer, ni détériorer les qualités de l’émulsion 4 48° C et dans les limites 
d’une durée de 24 heures. Ceci est vrai lorsque l’irradiation et le développement 
suivent de prés la sensibilisation. La conservation de |’émulsion sensibilisée 
(durée T/D) pendant 43 et pendant 98 jours détériore l’émulsion, et cette 
détérioration est plus marquée pour les maturations longues (5 heures, 24 
heures). Elle se manifeste par le voile visible a l’oeil nu sur toute la surface 
et surtout sur les bords des plaques (qui ont retenu plus de TEA), et aussi 
a l’examen microscopique. La plupart des plaques, méme trés mfires et trés 
vieillies, montrent des trajectoires. 
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L’étude systématique des protons a donné les résultats du Tableau VII 
et de la figure 7. On reconnait une disposition commune aux quatre émulsions 


TABLEAU VII 


Protons R = 400 u A 466 un, émulsions L”, M”, R’”’, RR” (22.8), durée de refonte RC et de 
conservation TD, 1 trace (ou plus) 





RC a 48°C RC a 48°C 
20 min 100min 3h é 20 min 100min 3h 5h 24h 
L” M” 
TD = 43; 
N. de grains ‘ : 5s 3- 98 154 149 
(107) 
TD = 98j 
N. de grains 121 129 124 110 
(108) (129) (133) (111) 
(104) 
Diff. moy. - 28 26 26 39 


R” RR” 


TD = 43; 
N. de grains 2: 135 144 148 141 153 150 149 156 
TD = 98j 
N. de grains 37 127 135 129 129 117 155 3° 124 131 
(124) (129) (127) (110) (123) (139) (134) 
(120) (124) (118) (129) 
Diff. moy. 11 14 24 21 33 9 5 20 


*Voile excessif. 


+Pas de trace, influence possible de la corrosion dans la série 43 j. 


100 


grains 
por 
100 Wl 


sianesencecmsessesisstsiieainncaspaiepel caiinsstssatitgintinine Ditstinsiitgpiiiisiiaiiag ltetaisinaiiiliiniasiian 
0 1Oh 20 


Durée RC 


Fic. 7. Influence de la refonte. 





FOURNAUX ET AL.: EMULSIONS IONOGRAPHIQUES 1501 


faites 4 des vitesses d’agitation différentes: pour une conservation avant 
irradiation 7D de 43 jours, une maturation suffisamment prolongée (durée 
RC) accroit la densité granulaire: c’est le contraire pour une conservation 
de 98 jours. Pour l’usage aprés 43 jours, la maturation de 24 heures semble 
étre insuffisante pour assurer le maximum de sensibilité aux protons. La matu- 
ration RC et la conservation 7D paraissent donc jouer des rdles complémen- 
taires, ce qui est assez naturel: maturations humide et séche se complétent. 
Pour l’usage aprés 98 jours, la maturation humide de plusieurs heures est 
excessive. I] n’apparait pas de différences évidentes selon la vitesse d’agitation 


(L”,.. RR”). 


(c) Séchage, durée CS 

Un séchage trop lent produit des couches gommeuses ne séchant jamais 
complétement, et conduisant inévitablement a un fort voile et 4 un gros 
grain quelques jours plus tard. Apparemment le gel ainsi concentré subit une 
maturation avec accroissement de la taille des grains. I] faut lancer l’éventail 
aprés 1 heure environ, et sécher les couches de 50-100 uw en 2 jours environ. 
Une ventilation trop hative ride la surface et occasionne du voile. Pour faciliter 
la prise, la chambre de séchage est frigorifiée. On peut y abaisser la température 
jusqu’a 0° C si on le désire. Cependant I’influence de la température au cours 
du séchage reste a étudier systématiquement. 


(d) Maturation séche avant sensibilisation, durée ST 

Les émulsions L, M, R et L’, M’, R’, ont été coulées a 37° C et séchées, 
puis sensibilisées immédiatement (Tableau V) ou de 1 a 39 jours plus tard 
(Tableau VIII), dans la TEA pendant 33 minutes. Si on cherche les meilleures 
traces, c’est-a-dire le plus grand nombre de grains et le plus petit nombre de 
lacunes, on trouve que la durée ST optimum est comprise entre 0 et 2 ou 4 
jours pour |’émulsion L, qu'elle est voisine de 7 jours pour M et de 30 jours 
pour R. Plus Il’agitation est rapide, plus le grain est fin, plus celui-ci bénéficie 
d’attendre a |’état sec avant la sensibilisation. Ceci confirme les observations 
précédentes dans ce laboratoire (figure 8). 


(e) Conservation de l’émulsion sensibilisée, durée TI 

On a fait des observations sur les émulsions L’’, M’’, R’”’, RR”, voir (6). 
Les durées TJ étaient 2, 43 et 98 jours. L’émulsion est moins bonne aprés 
98 qu’aprés 48 jours: température 22° C, humidité 65%. 


(f) Régresston, durée ID 

On constate au Tableau VIII que toutes les émulsions 22.6 montrent une 
régression nette en quelques jours, particuliérement rapide dans |’émulsion R 
a grain trés fin (figure 9). 

On a aussi fait quelques observations sur l’émulsion 22.3. Pour une durée 
ID = 0, on voyait les électrons. Aprés 8 jours, on ne voyait plus les électrons; 
les rayons a et les protons étaient inchangés. Aprés 1 mois les protons avaient 
pris l’aspect des electrons, mais les rayons a étaient bien visibles; ces derniers 
montraient de nombreuses lacunes avec des grains irréguliers, plus gros par 
endroits, grossis, eut-on dit, aux dépens des autres. 
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100 


por |Lacunes 
100n 


50 Lacunes 


Sp ht es ek a] 
10j 20 10j, _ 20 
Durée ST Duree ID 


Fic. 8. Influence du retard 4 la sensibilisation ST. 
Fic. 9. Influence de la régression ID, 


(g) Sensibilisation par la TEA, durée T 

L’analyse du nombre des lacunes sur les couches, formule 21.2 montre un 
optimum a 2.5 minutes, pour une épaisseur de 60 u, avec une solution aqueuse 
de TEA 6%. On a examiné les derniers 33 » du parcours des rayons a. Une 
durée excessive réduit la densité des grains et des lacunes et tend a accroitre 
le voile. Cette conclusion semble valable pour toutes les concentrations de 
chlorure ajoutées en supplément (CI/Br = 0 a 0.0136). Bogomolov et al. ont 
trouvé nécessaire un traitement encore plus énergique: optimum de 10 minutes 
avec une solution a 10%, pour des émulsions NIKFI d’un type différent: 
grain plus gros, iodure présent, formule ammoniacale. 
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TABLEAU X 


Sensibilisation par la TEA 6%. Formule 21.2. Les numéros sont ceux des colonnes au Tableau 
II (excés Cl/Br ou Br/Br). RayonsaR = 334 





Durée de l’imprégnation 0 min i 5 min 10 min 


N. de grains Nol 30. continue 
Diam. moyen en yp des grains 
de la trace 

N. de gros grains Nol 
No2 
No 3 
No 4 
No5 
No 6 
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VIII. RELATION DENSITE GRANULAIRE - DENSITE LACUNAIRE 


L’examen des protons et des rayons a dans les émulsions L, M, R (Tableau 
VIII et IX) a fourni des paires de valeurs de la densité granulaire D et lacu- 
naire H, chaque paire se rapportant 4 une méme trace dans une plaque 
donnée. Les valeurs déterminent un point dans le diagramme H, D. Les divers 
points portés ainsi a la figure 10 appartiennent a quatre séries: durées ST variées 
(2 a 39 jours), p et a; durées JD variées (1 heure (0 jour) a 28 jours), p et a; 
pour chaque série, il y a d’ailleurs trois émulsions, L, M, R. Lorsqu’on porte des 
séries de tels points tirés de l’examen des diverses traces enregistrées dans une 
méme plaque, on sait qu’on obtient une courbe d’allure parabolique courbée 
vers le bas; les coordonnées de son maximum sont d’autant plus élevées que 
le grain est plus fin. Si les grains étaient tous réguliérement espacés, on aurait 
constamment H D. De telles courbes ont suscité l’étude des modéles de tra- 
jectoires (V. par exemple Ahmad 1958). 

L’interprétation de la figure n’est pas immédiate. Supposons que les tra- 
jectoires de densité granulaire D données aient la méme structure, que la 
variation de D corresponde a une ionisation différente J dans une plaque 
donnée, ou bien a un vieillissement des plaques (durées ST et JD) et a une 
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o Attente ST 
+ Régresslon ID 


Lacunes 
por 1004 


aires 
Grains par 100 100 


Fic. 10. Relation densité lacunaire, densité granulaire. 


ionisation J toujours la méme. En ce cas les points d’une méme émulsion se 
placeraient tous sur la méme parabole. De plus les courbes H, D pour les 
émulsions 4 grain fin devraient se placer au dessus de celles a gros grain. 

Or on observe bien une disposition évidente des points selon une famille 
de paraboles, mais pas avec une trés grande précision, et de plus l’ordre des 
courbes parait inversé, les grains fins en bas, les gros grains en haut. Cette 
derniére observation suggére que si le grain vierge est plus gros, les grains 
impressionnés sont disposés plus réguliérement, de sorte qu’au méme nombre 
de grains le long du segment, ils se touchent moins souvent malgré qu’ils 
soient plus gros. 

Ces conclusions sont présentées sous toute réserve parce que si les comp- 
tages de grains et de lacunes avaient pour but essentiel d’assurer une bonne 
comparaison entre les plaques d’une méme émulsion et d’Ages différents, ils 
n’étaient peut-étre pas assez précis ou assez justes pour assurer une com- 
paraison pleinement significative, entre deux émulsions. Par ailleurs, les rayons 
a étaient inscrits en surface et les protons en profondeur. 


IX. DEVELOPPEMENT 


On a étudié l’action de cing révélateurs sur l’émulsion 21.1 Cl/Br = 0.003 4. 
Pour ce qui concerne le nombre des lacunes, l’amidol est préférable. Le révé- 
lateur hydroquinone-pyrogallol donne le maximum de gros grains et doit étre 
évité pour un développement normal. C’est le glycin qui assure le minimum 
de voile. Avec le D.19 le nombre des lacunes est excessif, et la chlorohydro- 

: ce ae Seah : ei : 
quinone semble étre intermédiaire entre le glycin et l’amidol. Le glycin donne 
une émulsion trés propre et le diamétre le plus fin des grains dans la trace. 
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Voici les formules pour 1 litre de solution finale. (Voir aussi Ionographie.) 


Chlorohydroquinone, 20 minutes a 20° C 
30 g sulfite de sodium anhydre 32.5 g potasse caustique 
45 g chlorohydroquinine 8 g bromure de potassium 


Amidol (Occhialini) 
4.5 g amidol (chlorhydrate de diamino-phénol) 
35 g sulfite de sodium anhydre 0.8 g bromure de potassium 


Hydroquinone-pyrogallol ( Faraggi), 20 minutes a 20° C 
A.1L 100 g carbonate de sodium 
20 g sulfite de sodium 2 g bromure de potassium 
B.1L 1 g hydroquinone 
1.2 g pyrogallol 
Mélange 1:1 extemporanément 


Glycin ( Fournaux), 17 minutes a 15° C 
10 g glycin, acide paraminophénol acétique 
15 g sulfite de sodium anhydre 
23 g carbonate de sodium anhydre 


D.19 Kodak 
2.2 g métol élon (sulfate de monométhyle-paraminophénol) 
96 g sulfite de sodium anhydre 
8.8 g hydroquinone 
56 g carbonate de sodium monohydraté 
5 g bromure de potassium 


TABLEAU XI 
Développement des émulsions 21.1, Cl/Br = 0.003 4. RayonsaR = 04 33 4 








Révélateur Chlorohydro- Amidol Hydroquinone- Glycin D.19 
quinone pyrogallol 

N. lacunes 3.16 2.1 3.3 
N. gros grains 0 0 j 
N. grains de voile 100 yu? 2:23 0.75 
N. gros grains 100 y? 152.7 
Diam. moyen en yu grains de la 

trace 0.34 0.44 
Diam. moyen en yp grains du voile 0.24 0.22 








X. NOTES PRATIQUES 

(a) Adhérence au verre. Les émulsions se décollent ou se rident parfois plus 
ou moins, surtout lors de leur introduction dans le bain d’arrét. Ceci est 
attribuable a la fois au changement de pH et a celui de la température. En 
effet le pH est 9.5 dans le révélateur, 2.5 dans le fixateur, et le point isoélectrique 
ayant le minimum de gonflement est 4.7. 

Un premier reméde qui limite le phénoméne 4a des plissements, consiste a 
poser d’abord une solution de gélatine 4 1% chauffée a 30° C, qu’on laisse 
sécher avant de couler l’émulsion. L’addition d’alun de chrome a cette sous- 
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couche semble provoquer un voile a son contact et n’est pas recommandée. La 
sous-couche doit étre étendue chaude et rapidement sous peine de former des 
grumeaux qui nuiraient: (1) la couche d’émulsion s’étend ensuite difficilement; 
(2) mauvaise visibilité au microscope. 

Un second reméde qui parait satisfaisant, consiste 4 garder constante a 
17° C la température de tous les bains jusqu’a la fin du fixage. 

(6) Sensibilité a la lumiére. Au cours des différentes opérations, il est 
recommandé d'’opérer en lumiére rouge la plus faible possible. Les émulsions y 
sont trés sensibles, beaucoup plus par exemple, que les émulsions Ilford D1. 

(c) Conservation des plaques. Lors de l'étude du vieillissement et de la 
régression, pour des plaques de méme fabrication et ayant toujours été pareille- 
ment traitées il y a cependant une différence selon le mode de conservation. 

Pour éviter le voile, les émulsions nucléaires sont gardées au frigorifique, le 
plus t6t possible aprés le séchage. Cependant, afin de garder a l’émulsion les 
qualités premiéres spécifiques 4 son mode de fabrication, il n’y est pas ajouté 
de plastifiant ou de stabilisant. Heureusement, la sensibilisateur posséde la 
méme propriété que la glycérine, plastifiant couramment employé. Mais la 
conservation des émulsions entre le coulage et la sensibilisation doit se faire 
a 58% d’humidité relative, faute de quoi, l’émulsion devient cassante et se 
brise. I] faudrait donc tenir compte de cette différence lors de l’examen du 
voile, légérement supérieur dans les émulsions sensibilisées longtemps aprés 
leur coulage, puisqu’elles ont été conservées 4 plus haute température (22° C). 


XI, CONCLUSION 


Cette étude a montré qu’il est possible de fabriquer au laboratoire et de 
répéter une émulsion a grain fin ayant une haute sensibilité et une discrimina- 
tion excellente, montrant des électrons rapides, et des traces de fission trés 
satisfaisantes, comme nous l’avons démontré par des essais avec des émulsions 
chargées irradiées avec des neutrons lents. Les traces de fission obtenues sont 
plus détaillées que celles de Demers (1946) et de Mathieu et Demers (1950). 
Nous avons aussi fabriqué des feuilles épaisses de 200 a 600 u ayant sensible- 
ment les mémes caractéres. Quant a une interprétation théorique détaillée 
de ces observations et mesures, elle reste a faire. 
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TIME DELAY AND FREQUENCY RESPONSE OF 
RESONANT CAVITIES! 


A. G. MUNGALL AND D. Morris 


ABSTRACT 


The frequency response and time delay characteristics of resonant cavities are 
discussed. It is found that a signal travelling through a resonant cavity undergoes 
a time delay dependent on both the cavity Q and also the difference between the 
signal and resonant frequencies. The time delay for a frequency-modulated wave 
is calculated and checked experimentally. 


INTRODUCTION 


The usual approach to the treatment of electromagnetic field conditions 
existing within resonant cavities yields an accurate mathematical description 
but perhaps a slightly incomplete physical picture of resonant phenomena. 
The purpose of this paper is to discuss cavity resonance for a simple case 
from the point of view of summation of an infinite number of reflected waves; 
to show that this approach can be used to calculate the usual frequency response 
characteristics; and finally, to show that this method lends itself to a simple 
calculation of the time delay which a continuous wave or frequency-modulated 
signal experiences in travelling through a resonant cavity. Experimental 
verification of the time delay of frequency-modulated waves is given. 


THEORETICAL 


There are two essential characteristics of any practical resonant cavity. 
One is that the electromagnetic wave of the frequency for which it is designed 
must be able to propagate within it with very little attenuation. The other is 
that the cavity dimensions must result in constructive interference of the 
waves reflected from the cavity walls. From these two characteristics it is 
possible to describe, in the following way, various cavity resonance phenomena | 


1. Frequency Response 

First, consider a wave propagated within a cavity in the positive x direction. 
The electric or magnetic field associated with this wave can be described by 
an expression of the form 


( 1 ) i { e~ elo t—jpr 


where A is the amplitude of the wave, in general a function of the other 
co-ordinates, @ is an attenuation coefficient accounting for cavity wall losses, 
w is the angular frequency, and 8 is the phase constant, related to the wave- 
length » by 

(2) 2n/X. 


1Manuscript received June 23, 1960. 
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The simplest case of cavity resonance will be considered, in which the wave 
makes a complete passage through the cavity, requiring two reflections, in 
the time for exactly one cycle. This results in an increase of 27 in the term 
6x and a diminution of the amplitude to Ae. The value of a@ is actually 
assumed here to include reflection and other losses in addition to wall losses. 
Successive passages of the wave through the cavity result in further changes 
of Bx in integral units of 2r accompanied by amplitude diminutions of e~™. 

Now consider the case in which power is continuously supplied to the cavity 
by some means such as a very small probe or a loop, and the field within the 
cavity is sampled by a similar method. The field within the cavity is the 
resultant of the vector summation of the infinite number of reflected waves 
just described, each of which excites the detecting probe independently. For 
resonance, therefore, the amplitudes of all these waves at any instant of time 
can be represented by the infinite sequence, 


(3) A, Ae, Ae, Ae... Ae’, 


If the frequency is not precisely that for resonance, fo, but differs from it by 
6f, the field components at the sampling probe differ successively in phase 
by increments of 


5, 
(4) Ag = 5° 2e. 


In the more general case, therefore, the field components at the probe can be 
represented by the following infinite sequence 


(5) A, Ae@P+I90), 4 eX—@sI98), |, | AeM-adtI49), 


This infinite sequence can be summed to yield a resultant field existing at 


the detecting probe. 
_ The term ad can be expressed more suitably in terms of the quality factor Q 
of the resonant cavity, since Q is defined by 27 times the ratio of power stored 


to power lost per cycle within the cavity 

(6) Q = 2x/(1 — e™™) 
or, for large Q (von Hippel 1954) 

(7) ad = x/Q. 


The sum of the sequence (5) is then 


yo ee 
mT frabely 


provided that 
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“ 


This expression describes the usual characteristics of resonant phenomena; 
the detected amplitude decreases to 1/+/2 of its maximum value when the 
impressed frequency is such that 

of ‘inal 
fo 2Q 


and simultaneously the resultant phase differs from the input phase by 45°. 


2. Time Delay, Continuous Waves 

The same method can be used to evaluate the apparent time delay which a 
signal experiences in passing through a resonant cavity. As already demon- 
strated, the signal detected at any time at the sampling probe is composed 
of an infinite number of components. If this probe is considered to be very 
near to the exciting probe then one of these components has clearly undergone 
effectively zero time delay. There is also a component which results from a 
wave which has undergone one complete passage through the cavity and hence 
is delayed by the time 7%, the period of natural oscillation of the cavity. The 
amplitude of this component is, however, only e~® or e~*/@ of the first one 
which suffered no time delay. Similarly there is a component with an amplitude 
proportional to e-**/@ delayed by 27% and in general the component with 
amplitude e~"*/® has been delayed nT». 

If, in addition, the exciting frequency f differs from the resonant frequency 
fo by 6f then there is a phase shift as well as an amplitude decrement. If the 
wave velocity is assumed independent of frequency over the range éf the time 
delays are not affected and remain 


(9) OD ged Op.« <5 OLeg, 


with associated field components varying as e”‘(~7/@+/49), 

At the sampling probe, the apparent time delay may be taken as the average 
of this sequence with each term weighted according to the relative amplitude 
and phase of the component signals. For example, the first two terms will 
have almost the same weight, whereas the one which is delayed by Q cycles 
will have a weight of only e-*+/@4¢, 

A time delay 74 averaged over all field components can then be expressed 
as follows: 


a (—n /Q)+j4¢) 
=. Tye” 7/Q)4jAe 
7 =0 
(10) 74 = 


et —#/@) 4149) 


n=0 
If the expression |(— 2/Q)+jA@¢| «1 this average can be evaluated simply 
with the result that 


(11) 
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This shows that for a small frequency excursion about the resonant frequency 
the time delay varies in the same manner as the relative amplitude response. 


3. Time Delay, Frequency-modulated Waves 

Since the experimental determination of the time delay experienced by a 
signal travelling through a cavity usually implies that this signal is modulated 
in some way, it is also of interest to calculate the time delay for a modulated 
wave. 

For the case of a frequency-modulated wave, the quantity 6f in (11) is 
time dependent, and therefore so also is |74|. Hence, the average time delay 
T; is given by the average of | 74| over the time for a complete cycle of frequency 


change, 7 


(12) T,= Pitaa/ fra. 


The instantaneous frequency f; of a wave of carrier frequency fo, frequency- 
modulated at an angular frequency »,, and with a maximum frequency 
excursion Af is given by 
(13) fi = fo + Af cos arf. 

If the carrier frequency fo is made equal to the resonant frequency of the 
cavity, then the above integration can be carried out over only a quarter cycle 
of the modulating frequency /, 
(14) 


since in a quarter cycle the time delay passes through its complete range of 
values as f varies from 0 to Af, and is also a symmetric function of f. The 
average time delay can then be expressed, from (11), (12), (13), and (14) as 


fs = w,/20 





0 aa ||CCS 
/ 1+(2 on cos wt) 


This is of the form of an elliptic integral and can be expressed as 


9 
T, = 22. 


e ton /2Ww 
a ‘ wadt 
! ' 
( P whoe 


(16) f= ani 
rfoV1+a 
where a = 2QAf/fo, 
k = Va?/(1+a?) 
and K is the complete elliptic integral of the first kind. 
ri c dy oe 
nN Vi —k’ sin’ yp 


Equation (16) can also be expressed in terms of a power series in k 


. iil awn ae \ 
17) Tj wees pee 2 8 Bt et. .Y, 
” tafe Viae Uta te? +3305 * Ff 
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which, in the limit as k—>0 approaches Q/zfo. This value can be derived by 
analogy with an approximate circuit network treatment described earlier by 
van der Pol (1946). 

Values of 7; have been calculated for a cavity with a range of Q from 50 to 
300 at a carrier frequency of 3000 Mc/sec and frequency excursions Af of 0, 
8, and 10 Mc/sec. They are shown in comparison with experimental data in 
Fig. 1. 


o 

oo 

on 

on 

' 
= 
x 
> 
a 
-/ 
WwW 
a 
uJ 
= 
K 


00 150 200 250 300 350 
CAVITY Q 


Fic. 1. Comparison between experimental and theoretical dependence of time delay on 
cavity Q and frequency excursion: crosses refer to Af = 8 Mc/sec, circles to Af = 10 Mc/sec, 
solid lines to theory. 


EXPERIMENTAL 

The calculation outlined above was checked experimentally by measuring 
the time delay experienced by a frequency-modulated signal in its passage 
through a re-entrant resonant cavity with variable Q. The Q was varied from 
about 100 to 350 by altering the probe penetration. The time delays were 
measured to approximately .5 X 10~° sec by means of a commercial instrument, 
the Tellurometer. This instrument measures the relative phase shift between 
the carrier and first-order sideband components of a 3000 Mc/sec wave 
frequency-modulated at about 10 Mc/sec (Wadley 1958). This technique is 
somewhat similar in principle to that employed by Whyte (1955) and Turner 
(1959) in their systems for measurement of group delay in radio relay systems. 

Measurements of the time delay as a function of the cavity Q were carried 
out for two values of Af, one about 8 and the other about 10 Mc/sec. The values 
of Af were determined indirectly by measuring the relative amplitudes of 
carrier, and first- and second-order sideband components, and were probably 
accurate to about 5%. The experimental values of time delay are shown in 
Fig. 1 as a function of cavity Q in comparison with theoretical curves for a 
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Af of 0, 8, and 10 Mc/sec. The experimental points parallel the curves quite 
closely, but are generally below them, possibly as a result of incidental ampli- 
tude modulation which accompanied the frequency modulation. No allowance 
for this was made in the theoretical treatment. Smaller values of Af which 
would have resulted in negligible amplitude modulation did not provide 
sufficient relative sideband signal for an accurate measurement of the time 
delay. 

Spurious line resonances which were found to alter the time delay were 
effectively eliminated by placing ferrite isolators in the cavity input and 
output leads. These resonances probably set up at the detecting and exciting 
probes perturbing fields which were dependent on the frequencies and line 
lengths employed. 

The agreement between experiment and theory is within the accuracy of 
measurement. This shows that our theoretical treatment based on a statistical 
time-averaging procedure apparently provides a reasonably accurate physical 
picture of the passage of a frequency-modulated signal through a resonant 
cavity. 
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HIGH RESOLUTION RAMAN SPECTROSCOPY OF GASES 


XIII. ROTATIONAL SPECTRA AND STRUCTURES OF THE 
ZINC-, CADMIUM-, AND MERCURY-DIMETHYL MOLECULES! 


Kk. SURYANARAYANA RAO,? B. P. STOICHEFF, AND R. TURNER? 


ABSTRACT 


The pure rotational spectra of gaseous Zn(CH3)2, Cd(CHs)2, Hg(CHs)2, and of 
the fully deuterated molecules have been photographed with a 21-ft grating. The 
spectra are typical of symmetric top molecules and consist of many evenly spaced 
rotational lines having a separation of about 0.45 cm~. An analysis of the spectra 
yielded the rotational constants (in cm!) 


Bo [Zn(CHs3) 9] = (0. 1348 Bo [Zn(CDs) 9] = 0. 1049 
Bo [Cd(CH3)2] = 0.1140 Bo [Cd(CDs)2] = 0.0894 
Bo (Hg(CHs)2] = 0.1162 Bo [Hg(CDs)2] = 0.0912. 


From these constants the following metal—carbon bond lengths were determined: 
Zn—C = 1.929 A, Cd—C = 2.112 A, and Hg—C = 2.094 A. Relations for the 
C—H bond lengths and HCH angles were also obtained. 


A. INTRODUCTION 
The’ determination of the structures of the Zn-, Cd-, and Hg-(CH3)2 mole- 
cules has been the subject of several investigations by the methods of electron 
diffraction and infrared and Raman spectroscopy. The available evidence 
points to a linear C—metal—C structure with the methyl groups free to 


rotate about the C—metal bonds. However, there is a lack of any detailed 
information on the possible presence of a low barrier hindering internal 
rotation. Moreover, experimental difficulties have so far prevented the 
accurate determination of the geometrical dimensions of these molecules. The 
present investigation was undertaken to obtain such structural data for all 
three molecules by means of their rotational Raman spectra. 

The most recent experiments on the infrared spectra (of the gases) have 
been carried out by Boyd, Thompson, and Williams (1950, 1951) and by 
Gutowsky (1949a, 6); and those on the Raman spectra (of the liquids) by 
Gutowsky (1949a) and by Fehér, Kolb, and Leverenz (1947). Gutowsky has 
shown that the vibrational data for all three molecules are consistent with 
a linear C—metal—C structure and favor the methyl groups in the eclipsed 
position (symmetry D3;,) or freely rotating (D$,), rather than in the staggered 
position (D3). His conclusions are based on the observed frequency co- 
incidences of Raman and infrared bands. The fact that such coincidences are 
found but are few in number eliminates the possibility of a bent C—metal—C 
structure (which would require coincidences of almost all of the Raman and 

1Manuscript received August 19, 1960. 
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infrared bands) as well as of the molecular symmetry D3, (which would 
demand no coincidences). Moreover, the existing coincidences occur only 
amongst depolarized Raman bands and perpendicular infrared bands as 
would be expected for symmetry D3, or D3, according to the data in Table I. 
The vibrational spectra, however, cannot distinguish between the molecular 
symmetry D3, or D5. 








TABLE I 


The species and activity? of the normal vibrations of Zn(CH3)2, Cd(CHs)s, and 
Hg(CHs)2 









Ds» (eclipsed model) or 












Vibration D3» (free rotation model) D3a (staggered model) 
Vi, V2, V3 Ai : R. (pol. AK = 0) A1,:R. (pol. AK = 0) 

V4 A; : inactive Aj, : inactive 

V5, Ve, V7 A’ : 1. (i) An : (|| 






I. (|) 
me, me, vie,» E’ :R. (depol. AK = +2)1(L) E, :1.(L) 
M12, 13, 414 BE’ :R. (depol. AK +1) E, :R. (depol. AK = +1, +2) 











*R. and I. denote activity in Raman scattering and infrared absorption respectively. 










The most convincing argument for the free rotation model (symmetry D%3,) 
is based on the rotational structure of the infrared perpendicular bands (ys) 
of the three molecules (Boyd, Thompson, and Williams 1950, 1951): the 
observed rotational spacings are almost double the spacing of the corresponding 
band in ethane (in which free internal rotation of the methyl groups is not 
possible). This observation is in agreement with Howard’s theory (1937), 
which predicts large differences in the rotational structures of perpendicular 
bands of symmetric top molecules depending on whether there is free or 










hindered internal rotation. 

To date, no parallel infrared bands have been resolved, nor have the observed 
perpendicular bands been analyzed in detail. Therefore no information on 
the moments of inertia of the Zn-, Cd-, and Hg-dimethyl molecules is available. 

Electron diffraction experiments have been carried out only on Hg(CHs)e. 
All have reported the unfavorably large ratio of coherent atomic (Hg) to 
coherent interatomic scattering so that good photographs were not obtained 
and the bond lengths could only be determined with rather large uncertainties 
(Brockway and Jenkins 1936; Gregg et al. 1937). 












B. EXPERIMENTAL DETAILS 

The mirror-type Raman tube and auxiliary apparatus has already been 
described in I and VII (Stoicheff 1954; and Callomon and Stoicheff 1957). 
Samples of the Zn-, Cd-, Hg-dimethyl compounds of high purity were supplied 
by Merck and Co., Montreal. 

The vapor pressures of the zinc, cadmium, and mercury compounds used 
in these experiments were respectively about 7, 15, and 12 cm Hg. Zinc 
dimethyl has a relatively low boiling point (~44° C) so that sufficient vapor 
pressure was obtained at room temperature. In order to obtain the necessary 
vapor pressure of cadmium dimethyl (b.p. ~106° C) the liquid sample was 
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TABLE II 


Observed wave number shifts of the rotational Raman lines of the Zn—, Cd-, Hg-dimethyl 
molecules 


|Av|* c cm7! |Av|? cm | |Av|¢ cm7 


if Zn CHy): “Zn(CDs): si _Cd(CHs)» Cd\ CD; Je Hg(CHs3)2 Hg(CDs3)2 





12 5. 466 5.665 | 2 11.884 
13 6.095 : 6.084 ey 12.286 
14 6.451 | 1: 6.538 | 26 12.766 
6.878 7.069 | 27 13.247 
7.506 Ih 7.4947 E 13.690 
— * j 7.989 5.0812 ‘ 14.148 
4217 8.130 8.478 3.534 14.624 
.018 8.543 | 9.054 ».875 | 15.065 
.563 9.079 | 1s — # 7.221 | 32 15.560 
2.199 - = ‘ —? 6517 | 16.051 
2.668 - 2 ‘ 10. 1967 025 16.448 
3.195 10.562 | 2 10.590 497 16.954 
3.755 10.607 [23 11,157 812 17.414 
12 11.090 i 11.606 9.118 | 17.921 
.859 11.592 25 12.099 — # 18.367 
355 11.974 | 26 2.505 — = | = 

5.910 12.334 ig 3.004 . 152? 9.095" 

).417 12.782 2 3.499 O74 9. 6987 

5.964 13.168 | 2 3.869 .850 ; 20.1737 

.554 13.673 & 353 .257 : 20.618 

.099 13.910 fig 845 596 21.129 

— = 14,489 | 3: 254 2.012 21.582 

34 — 8 14.920 es f ». 757 2.322 j 22.054 

35 19.6237 15.304 7 202 2.712 22.517 

36 =©6.20.212 += 15.710 | 3: 3.611 3.036 | 23.019 

37 20.689 16.162 36 7.085 3.440 | Ag 23.444 
38 =: 21. 268 16.470 37 544 3.730 | 5 23.928 - # 
39 21.818 16.979 i 047 . 106 | 5 24.414 - # 
40 22.340 17.318 | 3s 4837 460 | 5 24.823 — # 
41 22.891 17.848 — # 8647 5 25.314 9.827 
42 23.387 18.226 | — = 154% | 25.781 20.199 
43 23.937 18.837 ‘ 9.799 5.554 .248 =. 20.541 
44 24.496 2 4 20.268 5.900 | 56 3.706 20.954 
45 25.040 — # d 20.789 16.359 | 57 27.211 21.305 
46 25.540 19.818 45 21.189 16.565 | 5 27.654 21.661 
47 26.111 20.324 21.655 16.962 | 5 28.165 22.052 
48 26.642 20.732 ; 22.086 17.312 | 28.510" 22.430 
49 27.276 =. 21.146 22.556 17.700 28.951 22.786 
50. 27.7% 21.556 23.019 18.066 i: 9.437 23.169 
51 » 21.952 23.4372 18.429 i 9.931 23.498 
52 28.794 22.434 | 5 23.905 — # j 409 23.874 
53 29.257 22.835 5 24.4307 -- # j 861 24.259 
54 — * 23.204 5s — # — * 347 24.529" 
55 30.401 23.799 5: 25.264 19.8107 7 803 — 
56 =. 30.923 24.048 | 55 25.725 20.207 | 6 2.288 25.308 
57 31.443 24.493 56 26.176 20.475 2.711 25.642 
58 32.007 24.880 631 20.911 3.169 26.023 
59 32.503 25.263 58 27.024 21.262 33.646 — # 
60 33.068 25.702 5s 27.543 21.556 , 34.090 26.740 
61 33.655 26.142 28.0237 21.935 | 7 34.569 — # 
62 34.127 26.538 28.448 22.308 35.044 — # 
63 34.665 27.006 i. 28.869 22.713 | 35.501 — 
64 35.200 27 .387 | 6: 29.285 23.051 | 76 35.991 28.3237 
65 — 27 .927 | 6 29.780 23.354 5.452 28.576 
66 = 28.394 .261 23.750 36.907 28.907 
67 — 28.825 .694 24.085 a 7.393% 29.233 
= 29.510 128 §©624.469 | 29.640 
j .617 24.756 —_ 30.023 
32.068 25.160 2 _— 30.363 
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TABLE II (Concluded) 


Observed wave number shifts of the rotational Raman lines of the Zn—, Cd-, Hg-dimethyl 
molecules 





|Ar|* cm=! |Av|* cm! |Av|* cm=? 


32.477 25.477 | 83 : 30.762 
32.958 25.865 84 : 31.112 
33.435 26.105 85 - 31.449 
33.898 26.539 86 : 31.803 
34.303 26.916 | 87 32.179 
34.772 27.306 | 88 32.594 
35. 187 | 89 — 32.895 
35.530 28.034 =| 90 . 33.326 
36.134 — 91 _ 33.656 
36.619 28.849 | 92 34.001 

| 36.995 — 

| 82 _- 

| 83 30.107 

| 84 30.490 

| 85 30.771 | 





“All values of Av are averages of Stokes and anti-Stokes lines measured on two plates and are considered to be 
accurate to +0.02 cm~! except for the lines blended with grating ghosts. 
Lines blended with grating ghosts. 


heated to a temperature of 60° C and the Raman tube was kept at a tempera- 
ture of about 65° C during the experiment. Similarly the mercury dimethyl 
(b.p. ~95° C) liquid sample was heated to 40° C with the Raman tube tem- 
perature at about 60°C. A filter solution of sodium nitrite was heated and 
circulated around the Raman tube for the dual purpose of heating the Raman 
tube at the desired temperature and of preventing radiation below 4000 A 
from entering the Raman tube. 

While no difficulties were encountered with the zinc and mercury compounds, 
the dielectric coatings of the mirror system in the Raman tube were corroded 
shortly after the introduction of cadmium dimethyl in the tube. Aluminum 
coatings with protective layers of SiO» were also attacked. Finally, aluminum 
coatings alone were used and these were renewed after each exposure lasting 
1 or 2 hours. 

A mass spectrometer analysis of all the compounds was carried out after 
completion of the initial experiments in order to test the isotopic purity and 
particularly to check for any decomposition after exposure to intense light 
and after contact with the mirrors and metal parts of the Raman tube. Each 
of the deuterated samples contained less than 5% of the Zn-, Cd-, or Hg- 
dimethyl species with one or more H atoms. Only the cadmium dimethyl 
compounds appeared to be contaminated with rather large amounts of un- 
identified impurities. Both the normal and deuterated samples were purified 
by fractional distillation and tested. The experiments were repeated with the 
result that improved spectra of both compounds were obtained. 

The Raman spectra excited by the Hg 4358 line were photographed in the 


second order of the N.R.C. 21-ft grating (reciprocal linear dispersion = 
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6.7 cm~!/mm). The cylindrical lens described in VII was used in front of the 
photographic plate. Slit widths of 0.02 mm were used and exposure times 
were from 1 to 6 hours. The rotational spectrum of Hg(CHs3)2 was photo- 
graphed on Kodak 103a-0 emulsion and the more closely spaced spectrum of 
Hg(CDs3)2 on the much slower but finer grained emulsion Kodak II-0. 

After the completion of the experiments with mercury dimethyl we learned 
from Dr. A. McKellar of the successful work of Dr. W. C. Miller (Mount 
Wilson and Palomar Observatory) on the reduction of reciprocity failure in 
IIa—0 emulsion by controlled baking. Dr. Miller has very kindly given us the 
details of his baking procedure prior to publication. Following his directions 
the Kodak Ila-0 plates (removed from box and wrapper) were baked for 
24 hours at 65°C in a dry atmosphere. Our experiments with the baked 
[la—O0 emulsion have demonstrated their superiority over the 103a—0 emulsion 
commonly used in our earlier investigations of Raman spectra (although 
admittedly our experience with the baked IIa-0 emulsions has been brief). 
We have found that with exposures of 1-hour duration the baked Ila—-0 
emulsion had about three times the sensitivity of the particular 103a—0 
emulsions on hand. Moreover, the finer grain of the Ila-O0 emulsion was not 
noticeably impaired by baking; thus higher effective resolution (and better 
contrast) was achieved with the baked IIla-0 emulsion. These properties of 
the baked Ila—-0 emulsion were instrumental in obtaining a photograph of 
the very finely spaced rotational spectrum of Cd(CDs3)e. 


C. OBSERVED SPECTRA 


Reproductions of the rotational spectra of Cd(CH3)2 and Cd(CD3)2 are 
shown in Fig. 1 as representative of the spectra of all three compounds. The 
spectra are typical of a symmetric top molecule, that is, they consist of regularly 
spaced rotational lines. This is consistent with the linear C—m—C structure, 
otherwise the much more complicated appearance of an asymmetric top 
spectrum would be expected (for example, such as that of ethylene, Dowling 
and Stoicheff 1959). One series of fine evenly spaced lines (S branch) is observed. 
The spacing is largest, about 0.54 cm, for Zn (CHa2)2 and smallest, about 
0.36 cm, for Cd(CD3)2 and Hg(CDs3)2. The latter represents the maximum 
effective resolution obtained to date in a rotational Raman spectrum. It 
should be mentioned that the present limitation to higher resolution is the 
width of the exciting line itself as well as the effects of pressure broadening. 
Although transitions with AJ = 1 (R branch lines) are allowed in symmetric 
top molecules their total intensity is expected to be very small compared to 
the AJ = 2 transitions (S branch lines), since 7,>>/, for the Zn-, Cd-, and 
Hg-dimethyl molecules, and indeed there is no evidence of them. 

All six rotational spectra extend to only about 30 to 40 cm~ from the 
exciting line, a region which is overlaid by many grating ghosts. Nevertheless, 
the majority of the rotational lines were unblended and could be measured. 
Two plates of the rotational spectra were measured and evaluated for each 
of the dimethyl compounds except Cd(CDs3)2 for which only one sufficiently 
good plate was available. All of the measurements were made with a photo- 
electric comparator. As usual, the first and second order iron lines excited in 
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a hollow-cathode discharge were used as wavelength standards. Agreement 
between plates was better than +0.04 cm for unblended lines. The average 
frequency shifts, Av in cm, of the Stokes and anti-Stokes lines on two plates 
are listed in Table II. 


D. ROTATIONAL CONSTANTS 


For symmetric top molecules, the general selection rules for rotational 
transitions in the Raman effect are AK = 0; AJ = 0, 1, 2, that is, they give 
rise to R(AJ = 1) and S(AJ = 2) branches. As already mentioned, for the 
present molecules, the R branch lines are expected to be very weak and only 
the S branch lines were observed. Their frequency displacements from the 
exciting line are given by 


Av = (4B) — 6D, — 4D jxK*)(J + 3/2) — 8D,(J + 3/2)!. 


Since the centrifugal distortion terms 6D, and 4D ,,K? are negligible compared 
to the rotational constant By the above equation becomes 
(1) Av = 4By(J + 3/2) — 8D,(J + 3/2)*. 

In the usual way, the rotational numbering was determined from the 
quotient of Av and the average value of the line spacing (~4Bo). However, 
in the present spectra (especially those of the deuterated species) the line 
spacings were so small that very slight errors in the measured spacings could 
have resulted in the wrong J numbering of the lines. A check was therefore 
made for each spectrum by plotting the values of Av/(J+3/2) against 
(J+3/2)? for the J numbering as found above and for J altered by +1 and 
—1. For incorrect J numbering the graphs had pronounced curvature at 
low J values and either positive slope (i.e. negative D,) or impossibly large 
negative slope at high J values. These graphs provided a rather sensitive test 
of the correct J numbering. 

Graphs of Av/(J+3/2) vs. (J +3/2) are shown in Fig. 2 for all six molecules. 
The experimental points lie on straight lines with the intercepts on the ordinate 
axis giving the values of 4By and the slopes, the values of 8D,. The scatter of 
the experimental points is attributed mainly to the background of grating 
ghosts as well as error of measurement. Values of the constants By, D,, and 
of the resulting moments of inertia /,° are collected in Table 111. The quoted 
limits of accuracy were determined by examining the possibility of drawing 
several different straight lines through the experimental points. 


TABLE Ill 


Rotational constants and moments of inertia 


Molecule Bo(em™) Do{em™) X10? — 75° cm?) X LO ¢ 
Zn(CHs)s 0. 1347,+0. 0001 0.5+0 1 207 .66+0. 1; 
Zn(CDs)e 0. 1048;+0. 0001 0.4+0.1 266.94 +0. 25 
Cd(CHs)s 0. 1140;+0. 0001 0.3+0.1 245.4,+0. 2, 
Cd(CDs)e 0. O83; -+0. 0001 0.2+0.1 313. 15+0.35 
Hg(CHs)2 0. 11629+0. 0001 0.2+0.1 240.8 +0.2, 
Hg(CDs5)o 0. 091290, 0002 0.2+0.1 306. Do +0.3, 





(27.9890/ By) X 10°" g cm? 





“Conversion factor: 1,2 = 
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Fic. 2. Graphs of |Av|/(J + 3/2) vs. (J + 3/2)? for the Zn-, Cd-, Hg-dimethy! molecules. 
The O’s and X’s represent the results of different plates. 


E. MOLECULAR STRUCTURE 


A schematic diagram of the structures of the Zn-, Cd-, or Hg-(CH3)2 mole- 
cules is shown in Fig. 3. The moments of inertia J,° just evaluated (Table III) 
refer to the axis labelled b-b in Fig. 3, that is to the axis perpendicular to the 
symmetric top axis a-a. This moment of inertia is given by the equation 


(2) Ty = 2 Mor2+3My(r2+h?/2)] 


Fic. 3. Structure and structural parameters of the Hg(CHs)2 molecule. 
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where the distances 71, ro, h are as illustrated in Fig. 3 and Me, My are the 
masses of the carbon and hydrogen atoms. This equation for J, holds irrespec- 
tive of the relative orientations of the methyl groups, that is, whether the 
molecular symmetry is D%, D3,, or Dsqg. If the usual assumption that the 
bond lengths are identical in isotopic molecules is made, then equation (2) 
with My replaced by Mp (the deuterium mass) holds for the fully deuterated 
molecules. It is readily seen that the J,° values for each pair of molecules can 
then be used to determine the metal—carbon bond lengths (71) independent 
of any other assumptions. These are given in Table IV. 


TABLE IV 


Summary of structural parameters 


Parameter Value 


Molecule 

Zn—C2 1.929+0.004 A 

Zn(CHs)2 CH (assumed) 1.09+0.02 A 
ZHCH 107.7+1.0° 


Cd—Cs 2.112+0.004 A 
Cd(CHs;)2 CH (assumed) 1.09+0.02 A 
ZHCH 108.4+1.0° 


Hg—C2 2.094+0.005 A 
Hg(CHs)2 CH (assumed) 1.09+0.02 A 
ZHCH 109.3+1.0° 


“Values of the metal—carbon bond lengths are obtained independently of 
any assumptions regarding the CH bond lengths and HCH angles. 


In addition, values of r.2+h?/2 are obtained. This expression is a function 
of the CH bond lengths and HCH angles of the methyl groups. (Unfortunately 
the available data are insufficient to determine the CH and HCH parameters 
separately.) Figure 4 shows graphs of the CH distances and HCH angles 

r(C—H) 


A 


Wie Woe 109° 108° 107° LHCH 


Fic. 4. Graphs showing the CH distances and HCH angles consistent with the moments of 
inertia of the normal and fully deuterated Zn-, Cd-, Hg-dimethyls. The vertical arrows indicate 
the experimental errors. 
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consistent with the experimental values of 72?+h?/2 for each molecule, and 
Table IV gives values of the HCH angles for assumed CH distances in the 
range 1.07 to 1.11 A. 


F. DISCUSSION 

The results of the present investigation confirm the linear C—metal—C 
structures and in addition lead to fairly accurate values of the C—metal bond 
lengths in all three molecules. 

The only other values of the bond lengths available for comparison with 
those determined here are two values of the C—Hg bond length obtained by 
electron diffraction studies of Hg(CHs)2. These are 2.20+0.10 A (Brockway 
and Jenkins) and 2.23+0.04 A (Gregg et al.) and are considered by the original 
investigators to be approximate values only in view of the experimental 
difficulties mentioned in Section A. A comparison with the C—Hg distances 
in the somewhat similar molecules CH;HgCl and CH;HgBr may also be of 
interest. The values 2.061+0.02 A and 2.074+0.015 A respectively were 
obtained by Gordy and Sheridan (1954) from a study of the microwave spectra. 
These are slightly smaller than the value for Hg(CH3;), obtained here but this 
result is not unexpected in view of the different environments of the C—Hg 
bonds in these molecules. 

A significant result exhibited by Table IV is the non-regular variation of 
the bond lengths with increasing atomic number of the metal atom; the 
Cd—C bond is slightly longer than the Hg—C bond. This type of behavior is 
also found in the corresponding series of the diatomic hydrides (Herzberg 
1950) with the Cd—H bond longer than the ZnH and HgH bonds as shown 
in Table V. An even larger change occurs in the series of the diatomic hydride 


TABLE V 

Comparison of the C—metal bond lengths of Zn-, 
Cd-, Hg-(CH3)2 with the H—metal bond lengths 
of ZnH, CdH, HgH 


Zn Cd Hg 





1: 2.094 
6: 1.740 


C—metal 1.929 2 
H—metal 1.595 1. 


ions ZnH+, CdH+, HgH*+ and in the isoelectronic series CuH, AgH, AuH 
(Herzberg). This anomalous magnitude of bond lengths for the Cd and Ag 
compounds is not understood.* It may be mentioned that the accuracy of the 
CH bond lengths and HCH angles determined here for the dimethyl compounds 
is hardly good enough for any definite deduction to be made regarding the 
sequence of these quantities (Fig. 4). 

While the present investigation confirms the symmetric top structure for 
the Zn-, Cd-, and Hg-dimethy! molecules, it gives no information that would 


*For a discussion of anomalies in the force constants of the halides of Zn, Cd, and Hg, see 
Klemperer, J. Chem. Phys. 25, 1066 (1956). 
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distinguish amongst the point groups Dg, D3,, or D%,. In principle this could 
be done by investigating the rotational structure of the vy», 13, v4, Raman 
bands. For D34 symmetry, two series of rotational lines are possible (Table 1) 
since transitions with AK = +1 and +2 are allowed, whereas for D3, (or D,) 
symmetry only one series is possible (AK = +1). The observation of the bands 
vs, V9, Vio, Yn in the Raman spectrum of the gases would also be a strong 
argument for the D;, (or D3.) symmetry. Finally, if Deg is eliminated, it might 
be possible to distinguish between the symmetries D3, or D3, by the application 
of Howard’s theoretical treatment to the rotational structure of any one of the 
above seven Raman bands. 

As already mentioned in Section C, the separation of the rotational lines 
in the spectra of Hg(CD3)2 and Cd(CDs)2 is the smallest so far measured in 
a Raman spectrum. It is encouraging to find that even under these conditions 
the results for different plates are in good agreement and that the experimental 
scatter is not large. Thus it may be concluded that the present experimental 
techniques are satisfactory for the study of molecules having moments of 
inertia up to 300 X10- g cm?. 
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ON THE RATE OF CONVERGENCE OF THE SPHERICAL 
HARMONICS METHOD 


(FOR THE PLANE CASE, ISOTROPIC SCATTERING)! 


B. DAvIsON 


ABSTRACT 


The rate of convergence of the spherical harmonics method in neutron trans- 
port theory, for the plane case with isotropic scattering, is investigated, for an 
arbitrary number of layers of different materials, and both in the one-group and 
in the multi-group theory. The attention is centered upon the cases when there 
is no external supply of neutrons, so that one deals with an eigenvalue problem. 
The error in the eigenvalue due to the truncation of the spherical harmonics ex- 
pansion is found to vary essentially as 0(1/N?), where N is the order of the 
highest harmonics retained. The proof of this result consists of two parts. Firstly 
it is shown that the use of the spherical harmonics method, under the conditions 
stated, is strictly equivalent to making a certain approximation in the kernel 
of the integral equation for the flux; and then the error due to this approximation 
is assessed. 


1. INTRODUCTION 


In the present paper we are concerned with neutron transport problems, 
and in particular, with the approximate methods of solving such problems. 
Of these methods, the spherical harmonics method has the attraction of 
flexibility and of economy of numerical work in each order of approximation; 


but the rate of convergence of the spherical harmonics method has not yet 
been sufficiently investigated. In two of the author’s earlier papers (Davison 
1958a, b) this question of the rate of convergence was examined for two very 
special cases, namely for the case of Milne problem, and for the case of an 
infinite sandwich reactor of small pitch. Furthermore those earlier investiga- 
tions were restricted to the case of the one-group theory (i.e. were carried ' 
out under the assumption that the cross sections were independent of energy, 
and the energy dependence of the neutron distribution was integrated out). 

The purpose of the present article is to examine the rate of convergence of 
the spherical harmonics method under rather more general conditions. Namely 
we examine it below for any system having plane symmetry (i.e. there may 
be any number of layers of different materials and each of these may have any 
thickness). Also we no longer restrict our analysis to the case of one-group 
theory, but consider both the one-group theory and the multi-group theory. 
(By multi-group theory we mean the treatment in which the entire range of 
neutron energies is subdivided into a finite number of intervals, called energy 
groups. The cross sections for each medium within each energy group are 
assumed to be constant, and definite values are ascribed to the probabilities 
of the transfer of a neutron, on collision, from one group to another.) 

1Manuscript received August 2, 1960. 

Contribution from the Computation Center, McLennan Laboratory, University of Toronto, 


Toronto, Ontario, in association with Atomic Energy of Canada Limited, Chalk River, Ont. 
Issued as A.E.C.L. No. 1065. 


Can. J. Phys. Vol. 38 (1960) 





DAVISON: SPHERICAL HARMONICS METHOD 1527 


However, for the sake of simplicity we still restrict ourselves by the following 
assumption: 

(A) Scattering is isotropic in the laboratory system of co-ordinates. 

(B) There are no sources and no supply of neutrons from infinity. 

(C) If any medium occupies an entire half space, the mean number of 
secondaries per collision in such a medium (properly averaged over all energy 
groups) is less than unity. 

(D) If the system is bounded by a vacuum, this will be replaced by a 
“black medium’’. In other words the so-called Mark’s boundary conditions 
will be used at the free surface. 

Finally the order of approximation N in the spherical harmonics method 
is assumed, as is usual, to be odd. (The extension of the present analysis to 
the case of an even order approximation, is however, discussed in Appendix B.) 

It may be noted that in view of the assumptions (B) and (C) the problem 
is necessarily an eigenvalue problem, i.e. one of the quantities characterizing 
our system should be regarded as an adjustable parameter, whose eigenvalues 
(and in particular the lowest eigenvalue) are sought. It may be noted also 
that the assumptions (B) and (C) exclude, of course, the Milne problem from 
our present considerations. 

The assessment of the rate of convergence of the spherical harmonics method, 
derived below, is based on the following theorem: In the case of plane symmetry 
and isotropic scattering, the spherical harmonics method, in the odd order 
approximation, in so far as the determination of the neutron flux and of the 
eigenvalue of the problem is concerned, is strictly equivalent to starting with 
the integral equation for the neutron flux and making a certain approximation 
(see (3.1) below) in the kernel of that equation. In what follows, we refer to 
this result as the “equivalence theorem’’. In view of this theorem, the assess- 
ment of the error involved in using the spherical harmonics method reduces 
to the assessment of the error in the solution of an integral equation. On the 
other hand the techniques for assessing this latter are much more highly 
developed than are those for the case of integrodifferential equations. In 
particular, under our assumptions (B) and (C) we can use for this purpose the 
standard perturbation method. 

For the reader's convenience we start by recalling in Section 2, the basic 
equations of the multi-group theory of neutron transport in plane geometry 
as well as the spherical harmonics method for solving them. In Section 3, 
we give the precise formulation and the proof of the ‘“‘equivalence theorem”’, 
while in Sections 4 and 5 we apply this theorem and the standard perturbation 
method for the actual assessment of the error involved in using the spherical 
harmonics method. Specifically, in Section 4, we assess the error in the critical 
thickness of a bare slab in the one-group theory, and show that the error in 
question is given by 


a. lon 248) 
a-ay = 48(N+3, 2) | 1+0( N 


where 2a is the exact value of the critical thickness in the units of total mean 
free path, 2ay is the approximation to the above as given by the spherical 
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harmonics method in the Py approximation, and c is the mean number of 
secondaries per collision in the slab. In Section 5, we extend this assessment 
to reflected systems and to multi-group theory. 


2. THE BASIC EQUATIONS 
2.1. The Transport Equation and the Integral Equation for the Flux 
The exact equations governing the steady state neutron angular distribution 
using multi-group theory, for the case of plane symmetry with isotropic 
scattering and with no sources, are (see, for example, Davison 1957) 


ay (xu) w(x) Cele) f s00¢. ya. 
1) ae aie: <a X Ql, (x) Jy (x,u") du 
in which x is the position co-ordinate, u is the cosine of the angle between the 
direction of neutron travel and the x-axis, ¥(x,u) is the distribution in 
position and direction of the flux of neutrons of the jth group; /;(x) is the total 
mean free path for neutrons of that group in the material present at the 
position x and ¢,_,;(x) is the mean number of neutrons of the jth group arising 
from a collision of a neutron of the kth group in that material. 

We shall be interested in the case where the system consists of one or several 
layers of material (different material in different layers), the material within 
each layer being homogeneous, i.e. /;(x) and c,_,;(x) are constant there, while 
in the system as a whole they are given by step functions 


(2.2) L(x) = Lym Cysj(X) = Crsj.m fOr Xm~1<X<SXn- 


aa j 


If the system has a finite extent in the x-direction, i.e. is bounded by a 
vacuum, we can, without altering the neutron distribution in the system, 
replace the vacuum by a “black’’ medium, i.e. by a medium in which all 
collisions result in a capture (c,_,; = 0 for all k and 7). With this convention 
any source free system possessing plane symmetry may be regarded as extend- 
ing from x = —®, tox = +, If the total number of layers (including the 
black media just introduced) is M, we shall label them so that x» = —©, 
Xu = +o. 

Under the assumptions (B) and (C) the number of neutrons at x = + 


should vanish, i.e. 
V'P(—a@,y) = P(e) = 0. 


Also, for each particular » and j, ¥” (x,4) should be a continuous function, x, 
and this gives the interface boundary conditions, 


(2.4) VV (Xm—, pH) = WV (Xm4sM)- 


These conditions determine the solution of the system of integrodifferential 
equations (2.1). 

As mentioned in the Introduction, the equations (2.1) with the boundary 
conditions (2.3) and (2.4) represent an eigenvalue problem; i.e. one of the 
quantities Xm, lim, Ckejm appearing in (2.2), or some combination of these, 
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should be regarded as an adjustable parameter whose eigenvalues are deter- 
mined by the condition that we require a non-trivial solution of (2.1). Unless 
otherwise stated, we shall denote this adjustable parameter and/or its required 
eigenvalue as y; and we shall occasionally indicate the dependence of /;(x) 
and c;,_,;(x) upon this parameter by writing them as /;(x; 7) and c¢,_,;(x; y) 
respectively. 

The quantity 


al 
o;(x) = We wm) du 


is the flux of neutrons of the jth group. It is known that the system of integro- 
differential equations (2.1) with the boundary conditions (2.3) and (2.4) can 
be reduced to a system of integral equation for the ¢,(x), namely 


i ] - : Set a ; 1x’ 
(2.5) o(x)-5 Do J Ces 51) dew’ )Ei(|75(3 ¥) — 75x sw) pray = 


a” 77 x;57 
(see, for example, Davison 1957), where 
wr , 
dx 
(2.6 T,(x;7) = es 
) if ol (x37) 
which may be referred to as the ‘‘jth group optical depth of the point x”’ while 
F;({2|) is the exponential integral 


exp(—t|z|)dt/t, 
or, which is the same, 


= ‘ du 
(2.7) y |) i¥ > “| exp( - | ; 


Its Fourier transform is given by 


Px a: ° 
(2.8) J Ey (\s|) exp(ips)ds = : o() 


where Q,(z) is the Legendre function of the second kind 


el y» ’) Pu 
(2.9) Gita wi § ES 


o—e 
av} 2-8 


(Whittaker and Watson 1950). P,,(s) is the Legendre polynomial (so that the 
right side of (2.8) is simply (2/~) tan~'p). 


2.2. The Spherical Harmonics Method 

In the spherical harmonics method one starts with the integrodifferential 
equations (2.1), approximates each YY (xu) by its expansion in Legendre 
polynomials in w, truncated, in the Py approximation, after the term with 


Py(u). 


( i< 
2.10) ¥? (xm) SS Do (2m +1) dns (x) Pa (u) 


- n=l 
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and stipulates that the amount by which (2.10) fails to satisfy (2.1), should 
be proportional to Py+:(u). This gives a system of differential equation for 
the y,,;(x). Its solution, for the mth layer of material, is known to be (Davison 
1959) 


(2.11) Wms) = 2 Agen’? ™ explis mx] Km S* < Xm 





in which 


(2.12) g)"" = -| 6. vmPn(wt) + {Qo (tt) Pn (ut) — Qn (us) } _* se =| 


Ks Kesle m 


evaluated at u = —1/(Ksmlj,m); 
the 8;,..m are the solution of the system of equations 


(2.13) ByomPas(u) + {Qo(u)Prss(u)—Oves(u)} DD Ptnahtann — 0 


Ks m’k.m 


in which u = —1/(ks.mlj.m) 
and ks,.m is the sth solution of the determinantal equation 


aun ow flu!) -aod) 
Kbj.m L 5. Kl km 
jee 1) nit 
j,m 


arising from the condition of compatibility of the equation (2.13). Finally 
the A,“ are the constants of integration to be determined from the appropriate 
conditions at infinity and the boundary conditions at the interfaces x = x,. 
These latter conditions are an adaptation of (2.4) and, in the case of an odd 
order approximation (.V odd) they require simply that the y,,;(x) (m = 0, 
1,..., N,all7) should be continuous. Substituting (2.11) into these boundary 


conditions one gets 


= (m) _(j,s,m) us ! (m+1)_(3,3,m+1) - eo 
G1) 2 Ara clint @ 2, AP RO ell el 
(n= 0,1... Nem = 1,2,..... M—1; ally) 


provided \ is odd. 

Next, according to the assumption (C), the media extending to x = +o 
(i.e. the first and the Mth medium, with our way of labelling) are capturing. 
Now, it is known that for such media all roots of the equation (2.14) are real 
and none of them vanish (i.e. «,.12>0, «...7?>0 for all s). Then the conditions 
at infinity, (2.3), can be expressed as 


(2.16) A™ [1 — sign «s1] = AM [1+ sign x,,.¢] = 0. 


The condition of compatibility of the equations (2.15) and (2.16) gives the 
equation for determining the eigenvalue 7, which as the reader may remember, 
enters the values of the various xm, 1jm, and Cx ,j,.m. Since the series (2.10) 
has been truncated, the eigenvalue in question is only an approximation to 
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the eigenvalue y of the original problem. We denote this approximation as 
yw and refer to it as the “eigenvalue as given by the spherical harmonics 
method, Py approximation” 

The quantities y,,;(x) are known as the spherical harmonics moments. In 
particular Wo, ;(x) represents the flux of neutrons of the jth group. To indicate 
that this again is only an approximation to the exact value of the flux in 
question, we denote it as $;,y(x). According to (2.11) and (2.12) it is given by 


(2.17) yn(x) = Yo.j(x) = =. AS ha exp [Ks mx] (Gn ie Se). 


s 













THE EQUIVALENCE THEOREM 
3.1. The Statement of the Theorem 

We are now in the position to formulate the equivalence theorem, referred 
to in the Introduction. This states that the ¢;.v(x) and yy defined above 
satisfy the equations 








(3.1A) o;,.n(x)— 5 >> r Ce i( ’ Yn) Ok, v(x’) )Ey. v(|2! ter 


in which 








(3.1B) z= 7;(xiyn) — 7;(x’ syn) 






and £; y(|z|) in the function whose Fourier transform is given by 


ws " ee a sie 2i J Ee (:) ; (:) 
J alls) exp (ipsas = p tal: On+1 p J Pes > f 


while all the other quantities have been defined previously. 

Using the known expressions for the Legendre functions (see, for example, 
Whittaker and Watson 1950) one can readily see that the logarithmic parts 
of Qo(i/p) and of [Qyii(t/p)/Pw4i(i/p)] cancel out, so that the right side of 
(3.2) is in fact a ratio of polynomials. Also, it is known that for any fixed p 
(unless this p is a purely imaginary number of modulus exceeding unity), the 
ratio [QOv41(t/p)/Pwii(i/p)] tends to zero as N tends to infinity. Therefore 
E;,x({z/) may be described as a function whose Fourier transform is a ratio of 
polynomials approximating to the Fourier transform of E;(|z|) (see (2.8)) 

The explicit expression for F;,y(|z|) is 


7 ' ~ a, ( | z ) 
(3.3) Erw(l2l) = 2 977 PA | 7 


r=() 












where the a, and the uw, are the coefficients and the ordinates appearing in the 
(V+1) point Gaussian quadrature formula 







(3.4) F f(u)du & ¥ af (u,). 


s=0 





Thus £,,y(|z|) is the approximate value of E;(|z|!), which would be found by 
evaluating the integral on the right side of (2.7) by means of the (V+1) 
point Gaussian quadrature formula. 
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For our present purposes we shall need only (3.2) and not (3.3) and, accord- 
ingly, the proof of (3.3) will be deferred to Appendix A. To prove (3.1) with 
E,,n(\z|) given by (3.2), we need the following auxiliary result. 










3.2. A Lemma 
There exists a set of polynomials Cy,,(u), m = 0,1,..., N, such that 





(3.5) —*. {Pxs(w)2[Qo(2)Pys1(2) — Owsa(2)] 





~—Pyss (2) u[Qo(u)Pr41(u) aa Qn+1 (u)]} 





= : Cy n(u) [Pw41(%) Qn (2) —Pa(z) Qn41(2)]. 





In other words the left side of (3.5) can be expressed as a linear combination 
of the quantities 


(3.6) Py+1(2) Qn(z) — Pn(z) Qv4i(2) 


with the coefficients depending on u only. 

To prove this, notice first of all that the logarithmic parts of Q,(z) and 
Qy+1(z) in (3.6) cancel out, so that this expression is a polynomial in z. Also 
for z tending to infinity Py4,(z) behaves strictly as 2+! (i.e. the coefficient 
accompanying 2‘*! does not vanish) while Q,(z) behaves strictly as 2-"—'. 
Hence Py+1(z)Q,(z), and consequently also the entire expression (3.6), 
behaves strictly as 2’~-". Thus (3.6) is a polynomial of order (V—m) in z 
with a non-vanishing coefficient accompanying 2’~". Then any polynomial 
in z, of an order not exceeding V, can be expressed as a linear combination 
of the quantities (3.6) for n = 0,1,..., NV, with coefficients independent 
of z. 

On the other hand the expression in the braces on the left side (3.5) is a 
polynomial of order (V+1) in 2 (see (2.9), say) vanishing for z = 4, i.e. 
divisible by (z—w). Thus the entire left side of (3.5) is a polynomial of order 
N in gz, and hence the result states in the lemma follows. 































3.3. The Proof of the Equivalence Theorem 
We are now in position to prove the theorem stated in Subsection 3.1. 
All we have to do is to evaluate the left side of (3.1) for the $;,7(x) given by 
2.17) with the 4, interrelated by (2.15) and (2.16). 
Introduce temporarily the auxiliary functions ®,, ;,v.»(7) defined by 


Dy 5,.N Vm (7; (x YN) 











(3.7) = $:.,n (x) if Xm-1<X<Xm 









= 0) for other values of x 








(i.e. By ;.~,m(7) vanishes unless 7 lies in the interval 7 ;(%m-1i¥w) <T<7j(Xmiyn), 
while within this interval it represents the Py approximation to the kth group 
neutron flux, regarded as a function of the jth group optical depth). 

In terms of these functions, and in view of (2.2) and (2.6), the left side 
of (3.1) can be rewritten as 
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M 1 a bp ail faa ae NG | , , 
(3.8) do ®;,j.n.m(7)—5 Zz; = Seopita | Bx, jvm (7 )Ey,n(|r—7'|)dr’. 


= m=1 k 
Each term in the double sum appearing in this last expression is a convolution 
integral. Hence, recalling (3.2) and denoting by F,,;.n.(p) the Fourier 
transform of x, ;.v.m(7), 1.e. 


(3.9) Fy. j.n.m(P) J Py, j.v,m(T)e dr 


1 2Im ae 
— J dx.w (x) exp [tpt (x yyw) |dx 


l; m@Y’Im-\ 


we see that the Fourier transform of (3.8), i.e. of the left side of (3.1) is 


M ‘ : : 4 ) 
3.10 P; 3.N.m _+ n( ) Ps ok) / Px (3) . 
on Ze Pann YONG) — Over +i] § 


m=1 
M 


Cy >J ml j m . 
po / 1 Fy. j.N.m(P). 
1 k kom 


m= 


Now, if the ¢;,.v(x) are of the form (2.17), the formulae (3.9), (2.6), and 


(2.2) readily give 
(3.1 1) Fy, j n.m\P) = ye Pad 


exp[Ks mXm+1pt (Xms¥x)]—eXpP[Ks, mXm—1 IPT j (Xm—1, Yn) ] 
Ks,mlj.mttp 
Substituting these into (3.10) and collecting separately the terms involving 
each particular x,,, bearing in mind (2.16), we obtain 


M-1 


(3.12) z. exp[ipr; (Xn iv) | z {Ay” eXP(Ks,mXm) T's, j.m(P) 


m=1 


(m+1 2 - 7" 
—A, exp (Ks wat) 2 s.j.m+1(P) } 


where we have put for brevity 


. - 1 ) 
(3.13) Fetal?) = ae hip UPasm 


Ks 


i i i > (2 Ce jmBr.s.m\ 
~~ | on(+) = Ovui(4) / I N+ (2) Nom » ee ( 


Consider these latter quantities in a greater detail. 
If we use (2.13) to eliminate }°y (Cx, j,mBx.s,m/le.m) from (2.12) and (3.13), and 
introduce temporarily a further abbreviation 


(3.14) W(u) = Qo(u) Pyii(u) — QOvii(u), 
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we get 


(3.15) ge = Bj,s.ml {Qn (2) Py+1(2) seas, P,, (2) Qv+i(z)}/W(z)] 
a ~Bim [_1 1 fipfs 
we let ae eg We) % w(3)P wes 


-2W(e)Pwa(4) | 
where in (3.15) and (3.16) ¢ = —1/(Kksmlj.m). 


Now, the inspection of (3.14) shows that Py,,(w) and uW(u) are either both 
odd or both even functions of u (actually, for an odd NV, they are both even) 
while (3.16) involves only the ratio (i/p) W (i/p)/Pyii(i/p). Thus it will 
remain unaltered if we simultaneously replace Py41(i/p) by Py41(—i/p) 
and (i/p) W (i/p) by (—1/p) W (—i/p). Bearing this in mind, combining 
(3.16) with (3.5), and comparing the result with (3.15) we get 


. N 
; a = 1 = 1 (j,8,m) 
3.1 re Tt epi ieeriaeree Cy (4) eee 
eee val) = Dip) Sy CoN Gp) & 
Hence (3.12), i.e. the Fourier transform of (3.8) for $;,~(x%) given by (2.17), 
can be alternatively rewritten as 


. N 1 M-1 : ; 
_—_— 2. c N (4) 2 exp|ipr; (Xm; rv)! 


pPy+i(t/ Pp) n=U m 


J (m) |. : ~ \.69.8,m) (m+1) wees! ~ \ a (9-8 .m+1) 
7s ys EXP (Ks mm) Zn —A; OX Keita 7 


But this latter expression vanishes for all p in virtue of (2.15). Thus, if the 
o;.n(x) are given by (2.17) with the 4,“ interconnected by (2.15) and (2.16), 
the Fourier transforms of (3.8) vanish for all the values of the transform 
parameters. Then (3.8) in themselves should vanish for all value of 7; or, 
which is the same, the left sides of (3.1) vanish for all values of x. In other 
words the expressions (2.17) do indeed satisfy the equations (3.1). This 
completes the proof of the theorem stated in the Subsection 3.1. 


4. THE RATE OF CONVERGENCE IN THE CASE OF A BARE SLAB 
IN THE ONE-GROUP THEORY 

4.1. Assessment of the Error in the ‘‘Critical Composition” 

Application of the Perturbation Method 

We proceed now to apply the theorem, proved in the preceding section, for 

assessing the error involved in using the spherical harmonics method, as a 
function of the order of approximation. For the sake of clarity, we start by 
considering the simplest possible case, namely a bare slab treated on the basis 
of the one-group theory. In the one-group theory the set of function c,_,;(x) 
reduces to a single function c(x), the set of 7;(x) to a single optical depth 
7(x), and it is convenient to take this optical depth + instead of x for the 
independent variable; so that instead of c(x) we shall speak of c(7r). In the 
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case of a bare slab this c(r) will involve two parameters: the optical thickness 
of slab, call it 2a, say, and the number of secondaries per collision in the slab. 
We begin with considering the situation when the latter is the adjustable 
parameter, while a is fixed beforehand. Physically this corresponds to the 
situation when one inquires into the critical concentration of the fissile material. 
In doing so we shall denote by ¢ the exact lowest eigenvalue of the parameter 
in question (i.e. of the mean number of secondaries per collision in the slab) 
and by cy the approximation to it as given by the spherical harmonics method, 
Py approximation. Thus ¢ and cy correspond to y and yy of Sections 2 and 3. 

If the origin is taken at the mid-plane of the slab the exact equation (2.5) 












reduces in our case to 


(4.1) o(r) = “ [ o(7’)E\(|r—7'|)dr’ 





while the flux as determined by the spherical harmonics method, ¢y(7), 


satisfies, as we have seen in Section 3, the equation 






(4.2) oy (Tt) = “x j oy (7) Ey .n(\r—1'| dr’. 





Subtracting the two we obtain an inhomogeneous equation for the error 






(@(r) — @yx(7)) in flux in the spherical harmonics method: 





(4.3) [o(r)— dy(7r)] = | [b(r’) — by (7’) JE (|r —7'| dr’ 






a wn P : i zs ' , , 
+3 | oy (7’ [Ex (ir—7 )— Eyy(\r—17'|) dr 
- @ a 






+3(¢—cy) | oy (7) Ey(|r—7'| dr’. 





Since ¢ is an eigenvalue for the corresponding homogeneous equation (4.1), in 
order that the equation (4.3) have a solution its free term should be orthog- 






onal to the solution of the transposed homogeneous equation; or, since the 
kernel, Ey({7 — 7’|), is symmetric, to ¢(7) itself. Using (4.1) to simplify the 


resulting equation, one gets in the usual manner 







_— | | (7) by (7’ )[E.(\7—7'|) — Ey ny (|r —17'|) Jdrdr’ 


(4.4) = = ‘ — akcacecaactteel 


2 | , (1) dy (7 )dr 






Put now 
(7) for |7| <a 


' 





(4.5) (7) = 






0 if otherwise 













and similarly for ®y(7) (i.e. ®y(7) is Pye(7) in the notations of Section 3), 
and let F(p) and Fy(p) be the Fourier transforms of ®(r) and of ®y(z7) 
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respectively. The numerator in the right side of (4.4) is the value at r’’ = 0 
of a double convolution integral 


(4.6) ir £ (r)[E1(|t—7'|) — Er.w(|7—7’ |) ] Oy (7’ — 7") drd7’. 


Using the convolution theorem (Sneddon 1951), the definitions of F(p) and 
Fy(p) just given, and recalling (2.8) and (3.2) we see that the Fourier trans- 
form of (4.6) is given by 


(4.7) (21/p) F(b) Fw(b) Qu+1 (t/b)/Pwi(t/P). 


Consequently the numerator of (4.4) is given by the value at 7” = 0 of the 
inverse transform of (4.7), i.e. by 


N+1 ) d 
(48) 2 fF Ferree) Sieh. 


Since we are concerned with the lowest eigenvalue, @(7) and @y(7) are even 
functions of 7, then F(p) and Fy(p) are even functions of p, and hence one 
can readily verify that the entire integrand in (4.8) is an even function. Thus 
it is sufficient to consider only positive values of p. 

k« Now it is known (see, for example, Davison 1958, Appendix A) that if 7 is 


real and positive and J is a positive even integer, then 


QviiG@sinhy) _ _ ri exp[—n(N+3/2)] ( bn) : 
4¢ REPEL ae sey NEN D Fs 
oad Pysi(isinhn) 2 cosh{n(N+3/2)] , 2N+5 (N odd) 


where 5(y,.\) is bounded under the conditions stated. Making, then, in (4.8) 
the substitution 7/|p| = sinh n, using (4.9), and substituting the result into 
(4.4) we thus have 

oe 
(4.10) --—= 
aoe 


Cn 


fe. 1 Fy i. l .) exp|— n(N+3/2)] (1456 (n, es) cosh ndn 
Jo \sinh 7/ “™\sinh n/_cosh[n(V+3/2)] \" 2N+5/ sinh 


aif scout 


4.2. Some Order-of-magnitude Assessments 
We concentrate now upon high order approximations, i.e. upon large V. In 
this case the main contribution to the integral in the numerator of (4.10) 
will come from small values of 7, i.e. from large values of |p| = 1/sinh 7. So 
that all that we have to know regarding F(p) and Fy(p), is their asymptotic 
behaviors for p tending to + ~. Recalling the definition of /(p) and performing 
an integration by parts we have 
sin pa , i (“ dg(r) 


so 


Consider now the second term in (4.11) in greater detail. It is known (Davison 
1957) that @(7) can be presented in the form 


(4.11) F(p) = Jo o(r)edt = 2¢(a) — e” dt. 
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(4.12) ¢(r7) = Gas(7) +Her(7) 


where ¢,,(7) is a solution of the differential equation 











(4.13) (J+) iatei 





and x is the solution of the transcendental equation 







1 


(4.14) t= “tan K 





while ¢;,(7), as well as the derivatives of this latter, decrease roughly as 
exp[—|7—Tbounaary|] aS One moves away from the nearest boundary, i.e. in 





our Case 


(4.15) brr(t) = O{6(a)[exp(— (a—7))+ exp(— (@+7))]} (|7| <a) 






and unless 7 is very near to a or to —a, 


(4.16) do r(r)/dr = O{¢(a)[exp(— (a—7)) + exp (— (a+7))]} 


(|r| <a—e, say). 







Since ¢(7) is even, ¢a5(7) should also be even and then (4.13) gives 


(4.17) das(T) = das(O) cos rx. 


The contribution of ¢,,(7) to the second term in (4.11) can be easily evaluated 
directly and is found to be of the order 0(xd,,(0)/p?). Now ¢,,(0) should 
obviously be comparable to ¢(0) (or, if a <1, perhaps might be the smaller). 
Next, for large a both x and ¢(a)/¢(0) are known to be of the order joa ‘a), 
while if @ is comparable to unity, so are x and ¢(a)/¢(0); and ¢ is comparable 
to unity both for large a and for a comparable to unity. Finally if @ is small 
¢(a)/¢(0) is still comparable to unity, but « is large. However, if « is large, 
(4.14) shows that c is also large and x is comparable to c. Thus, whatever is 
the prescribed value of a, x¢,,(0) is always of the same order of magnitude as 
co(a), and the ¢,,(7) contribution to the second term in (4.11) is of the order 
0(c/p) as compared to the first term in (4.11). 

Consider now the contribution of ¢;;(7) to the second term in (4.11). 
In the depth of the slab an assessment of the order of magnitude of d@,,(r)/dr 
is already given by (4.16), and we need only an assessment of this quantity 
in the vicinity of r = +a, where (4.16) is not applicable. Now, differentiating 



















(4.1) we have 





(4.18) d¢(r) = c{ dor) Ex(|r’—1|)dr’ —© ¢o(a)[E\(a—7r) —E,(a+7)]. 


ey 
dr 2 a 






By working out 


du (r)/dr—(e 2 | (d das (7’) /dr’) Ey (|r —1’| dr’ \ 





and combining with (4.12) and (4.18) we obtain an integral equation for 
d¢,r(r)/dr; one finds that the free term of this latter equation has much the 






1538 CANADIAN JOURNAL OF PHYSICS. VOL. 38, 1960 


same order of magnitude as that of (4.18). Now, in the vicinity of the bound- 
aries (r = ta) where (4.16) fails, the main contribution to the value of 
d¢,,(r)/dr should obviously come from the free term of the equation in 
question, rather than from the integral over [d¢,,(7’)/d7’]. Consequently in 
these regions d¢,,(r)/dr should have the same order of magnitude as the free 
term in question; and this in its turn has the same order of magnitude as the 
free term of (4.18). In the region where (4.16) holds, the direct comparison 
of (4.16) and (4.18) confirms the same order-of-magnitude relationship. Thus 


(4.19) dd,,(r)/dr = 0(co(a)[E\(a—7) — E,(a+7)]) (|r| <a) 
Multiplying this by exp(ipr), integrating over the thickness of the slab, 


noting that 


J exp(ipr)[E:1(a—7r) —E,(a+7) |dr 


=a 


has much the same order of magnitude as 


J exp(ipr)E,(r)dr, 
0 


and substituting the result, together with the earlier assessment of the con- 
tribution from dd@,g,(7)/dz into (4.11), we get 


(4.20) F(p) = ; #(ay}2 ae pa+-0(<)-+0(c { “exp (ep )Eulo de) 


By an exactly similar argument we can also derive 


(4.21) Fy(p) = . ox(@)42 sin pa+0(£) +0(¢« [TexptéeprEsx(erdr J}. 
b p 0 


4.3. Final Results for the Error in Critical Composition 

The integral appearing in (4.20) is easily evaluated and is found to be 
(ic/p) log (1—ip), and hence for large p it is of the order 0(cp—! log p). The 
integral appearing in (4.21) can be assessed using (3.2) (or, more directly, 
using (3.3)) and one can readily show that the ratio of this latter integral to 
the one appearing in (4.20) is uniformly bounded for all odd integer V. So 
that combining (4.20) and (4.21) we have 


(4.22) F(p)Fy(p) = ; (a) dy (a) {2 —2 cos 2 pa 


+0(p" (c+cyx) log p)+0(p *ccy log’ p)}. 


We now substitute this into the integral in the numerator of (4.10), make 
a further change of variables ((2N + 3)n = y), expand the integrand into 
the powers of 1/(2N + 3), and integrate term by term. This gives us an 
asymptotic series whose leading term will give the asymptotic behavior of 
the numerator of (4.19) for large V. To allow for the possibility that the 
prescribed value of a may be small, in which case ¢ and cy would be large, we 

















1539 





DAVISON: SPHERICAL HARMONICS METHOD 


must retain the lowest power of 1/(2V+3) separately for each particular 
power of c and of cy. Then we get 


49(a) dv (a) 1 J “y exp(—y)dy _ ; cos tNat 6a y exp(—y)dy 
(2N+3)° o 1+exp(—y) — y 1+exp(—y) 


so( {tang N49) of, lene] 





(4.23) 


The first integral in (4.23) is equal to 


” (—1)" . 


> (-1)" J exp(—ny)ydy - See ww 
n=1 0 


n=l n 1 


The second integral in (4.23) is essentially of the same order of magnitude as 


J re (: Nai ) 
y exp| ——— } dy. 
0 y 


Making in this latter integral first the substitution y = (1—7)t W(2.Na), 
splitting the range of integration in the resulting integral at the point ¢ = 1, 
and then making for ¢>1 the substitution ¢ = s++/(s?—1), while for ¢<1, 
t = s—v/(s?—1), one can readily verify that the integral in question is 
essentially of the order Of{exp[—+/(8.Va)]}. Bearing in mind these remarks 
and substituting (4.23) into (4.10) we finally obtain 
ao) 11." ___#@)ev(o)_J, of Stee) tae ES)) 

C te MIUN+E/2) ns N 
J e@ev(ar 


+0( cep 28-2N+8) J) + 0( exp (VEN) 


Unless a <1, ¢ and cy willbe comparable to unity. Under the same con- 
dition exp[—+/(8Na)] is either small compared to, or comparable with 
(1/.V) log (2N+3). Thus in this‘case (4.24) reduces to 


ox, LIL _—_—g (a) dw(e) _ G +(2N )t 
(028) 2" =a {140 ylog(2N-+3) )¢. 
J o)du(r)ae 





(a not <1) 


So far we have been limiting ourselves to the case of the lowest eigenvalue. 
Only some minor and self-evident modifications in the above arguments are 
needed, however, to extend them to the case of any eigenvalue, and one 
arrives at the same result (4.24). The possibility of replacing (4.24) by (4.25) 
will depend, of course, not only upon a but also upon the serial number of the 
eigenvalue in question (i.e. the number of nodes of the corresponding eigen- 
function). If c and cy are the exact and the approximate values of the 
sth eigenvalue for the number of secondaries per collision in the slab, one can 
readily show that, except perhaps for a <1 and s = 0, 
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» = [oars] 


and similarly for cy“. So that to justify replacing (4.24) by (4.25) one has to 
stipulate Na > (s+1) log (2N+8). 


4.4. Assessment of the Error in Critical Thickness 

We turn now to the other possible formulation of the eigenvalue problem, 
namely we consider now the case when the number of secondaries per collision 
in the slab, call it c, is given beforehand, and it is the optical thickness of the 
slab that is the adjustable parameter, whose lowest eigenvalue is sought. This 
will represent, of course, the critical thickness. Let 2a be the exact value of 
this eigenvalue and let 2ay be the approximation to it as given by the spherical 
harmonics method in the Py approximation. If we vary c, a and ay will be 
some functions of c. Call them a(c) and ay(c), and let c(a) and cy(a) be the 
inverse functions, i.e. c(a@) and cy(a) are the exact and the approximate lowest 
eigenvalues for the number of secondaries per collision in the slab, when the 
optical thickness of the slab is 2a. With these notations we obviously have 


(4.26) ay(cy(a)) = a(c(a)) = 
On the other hand 
a(c(a)) = a(ey(a)+[c(a) —cy(a)]) 


= a(ex(a))+[c(e)—¢x(a)) 2 


1 c=¢n (a) 


+0([c(a) —ex(a)]’) 


= dy(ey(a))+[a(c) —ay(c)] cneyiay +[e(a) — en (a) 2 


de c=¢tyy (a) 


+0([c(a) —ey(a)]’). 


Comparing this with (4.26) one readily gets 


(4.27) a(¢)—ay(c) = = [c(a) — ex (a)]+0([c(a) —¢y(a)]*). 


On the other hand varying a in the equation (4.1), and bearing in mind that c 
is then a function of a, we have 


$9(7) nee 


(4.28) a $(1’)Ex(|r—1'|)de’ 


+5 ff $6) Fy (|p— 4dr’ + $(a)[E:(a—1) + E1(a+r)] 


where we have used 6/éa rather than 0/da, to distinguish differentiation with 
respect to a parameter from that with respect to the independent variable. 
Proceeding now much as in the derivation of (4.4) we see that (4.28) implies 


ld dc 
2 da 


Jf. eee rede-r'barter 


+5 $(a) , ¢(7)[E:(a—7) + Fi (a+r7)]dr = 0 
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while using (4.1) to simplify this latter equation we get 





sa 2 
(4.29) da__1 ae. 
; de 2 ¢(a) 
So that combining (4.27), (4.29), and (4.24) we get 
__ iggel uate Se 


(4.30) a(c)—ay(c) = ~38(V+3/2)? ola) 
i (7) dy (7) dr 


4 ; 4-0( Seen) log a7) 40( coq] #8 CN+8) |’) +0(exp[— Vinay} 
+0({[c(a) —cy(a)}’). 


We have not discussed, so far, the error in the eigenfunction, [@(r) — @y(r)]. 
However, if @y(7) and ¢$(r) are normalized in the same manner, proceeding 
much as in Subsections 4.2 and 4.3 one can show that, apart perhaps from 
some factor depending only on c, the relative error [¢(7) — ¢y(r7)]/o(7) is, 
at the most, of the order 0(1/.V). So that the factor 


wa 


va 
[ov(a)/o(a)] J o%(r)de/J (+) ou (r)de 

= —@ 
can be incorporated into the error term appearing in (4.30). Then if ¢ is 
comparable to unity, the result in question reduces to 


eegeo  yT BLES) 
(4.31) a—ay = WV+3 22)? | 1+0( N ‘ 


5. THE RATE OF CONVERGENCE IN MULTI-LAYER PROBLEMS AND 
IN MULTI-GROUP THEORY 

We now turn to extending the above analysis to the case of multi-layer 
problems and of multi-group theory. In doing so we shall not attempt to give 
an explicit assessment of the error involved in using the spherical harmonics 
method, but shall limit ourselves to outlining the procedure for arriving at 
such an assessment. Various combinations of the constants xX», 1), and 
Cxsjm Can be taken for the adjustable parameter y. However, using the tech- 
nique outlined in Subsection 4.4 one can easily pass from the case where one 
combination of these constants is chosen for the adjustable parameter, to the 
case where some other combination is chosen. The error in the eigenvalue 
will have the same dependence on the order of approximation V, whatever 
combination of xn, jm, etc., is taken for the adjustable parameter; only the 
coefficient accompanying the leading power of V will depend upon the choice 
in question. Thus it is sufficient to carry out the analysis just for one choice 
of the quantity to be treated as an adjustable parameter. We shall carry out 
the analysis for the case when all the x, and all the /;,,, are fixed beforehand, 


while the cx_,;,m are of the form 
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(5.1) Cx +j,m ae OES ian 


where c;_,;m are defined in a manner analogous to (2.2), are independent 
of y, and are held fixed (i.e. all the ratios of the c;,_,;,m are fixed), while y, i.e. 
the common factor accompanying all c,_,;,m is the adjustable parameter. With 
this choice /;(x) and 7;(x) (see (2.2) and (2.6) above) are also independent of y. 

Substituting these into (2.5) and (3.1) and proceeding much as in the deriva- 
tion of (4.3) we obtain: 


(5.2) [o;(x) — o;,.n(x)] 
y e (0) + , ’ ian dx’ 
“S =. y Cus (X") [Oe (%") — ew (x) Er ([75 (x) — 75 (x’ MN) Te x’) 


k 


+2 a J. Ching (X") ben (x") {Ex (|75(x) —7;(x’)|) 


2 °F 
mr" 1x’ 
— Ex,n(\75(x%) —7,(x’)|)} ie?) 


+=) L , Ces" ) brn (x")Ex(|75(x) — 75 (x’ MI) 7 hee 


= k I, (x ) 
At the same time one can readily verify that the adjoint system of homo- 
geneous equations is 


(5.3) 3%) =s- DD» cin (x) J di (x") Ex (|r (x) — T(x’) | dx’. 


Then if (5.2) is to sees solution its free term must be orthogonal to the solution 
of (5.3). In forming the vanishing scalar product which states this condition 
of orthogonality we should, of course, integrate over all x and sum over all 
energy groups, so that the condition in question in fact is 


(5.4) XS fo sieaeax = 0 


where q;(x) is the free term of the jth equation (5.2). Substituting here the 
explicit expressions for the free terms, we obtain, similarly to (4.4) 


(5.5) i=) 0 l2 : . dente’) 6b (2d | 


a za j J. Chey (x" ) ben (x )} (x) {Ex (|r; (x) +7; (x) | 


k j v= 


—1 


oe tt dx dx’ 
— Ey x (|r;(x) - 7 3(x’ ))} T(x)” ) 
The integrals entering into (5.5) are essentially similar to those appearing in 
(4.4) and can be assessed much in the same manner. Thus, provided V is 
sufficiently large, we obtain (cf. (4.25)) 


. Z oi 
(5.6) ge = (V+322)? fi+0(4 log [2N +31) 
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where Z depends on the prescribed parameters of the problem but not upon 
the order of approximation. 


APPENDIX A 
THE PROOF OF FORMULA (3.3) 


We prove in this appendix that the formula (3.3) is a corollary of (3.2). To 
show this it obviously suffices to evaluate the Fourier transform of the right 
side of (3.3) and compare it with the right side of (3.2). Now the Fourier 
transform of the right side of (3.3) is 


N %o 
(A.1) 2. an | exp| — 
r=0 | ox 


2|u,| 


N 


+ ips | = 1 











& ar 

u, +u,p 7 

Or, since ay_, = a@;, Un_, = —U, (see the definition of a, and u, following 
the formula (3.3)), it is 


(n—1)/2 
2a, 


(A.2) Dy, Tae 


and this latter expression obviously represents the ratio of a polynomial of 
order 4(V—1) in p? to a polynomial of order (+1) in p?. 

On the other hand, recalling (3.4) we see that the right side of (A.1) repre- 
sents the value of the integral 


— 
“— iter 


evaluated by means of (.V+1) point Gaussian quadrature formula. The exact 
value of this latter integral is, of course, simply (2/p) tan 9, i.e. (27/p)Qo(i/p). 
Expand now the integrand in (A.3) in powers of p and recall that the (V+1) 
point Gaussian quadrature formula gives the value of the integral exactly, 
whenever the integrand is a polynomial of an order not exceeding (2V+1). 
This means that if we expand (A.2) in powers of p, the coefficient of p” 
for n<2N should coincide with that in the expansion of (27/p) Qo (¢/p). On 
the other hand it is known (see, for example, Whittaker and Watson 1950) 
that of all the ratios of polynomials of the orders specified above 


= 10,() - Ovu(2) / Ps ()} 


is the only one possessing this property. But this is just the expression appear- 
ing on the right side of (3.2). Thus indeed the right side of (3.2) gives the 
Fourier transform of the right side of (3.3). 


APPENDIX B 
THE CASE OF EVEN ORDER APPROXIMATIONS 


So far we have considered only the approximations having odd order JN. 
Below we extend the analysis to the case of even order approximations. The 
main difference between the odd order approximations and the even order 
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approximations is that in the latter case, in the J-group theory, the equation 
(2.14) has VJ rather than (V+1)J solutions. Consequently it is no longer 
possible to satisfy the condition that y,,;(x) (7 = 0,1,..., N; all 7) should 
be continuous, and one imposes instead a less restrictive condition, namely 
that [Yn,;(x) —P,(O)Po,;(x)] (wm = 1,2,..., N; all 7) should be continuous 
(Davison 1957). If we attempt now to repeat the arguments of Subsection 
3.3 to prove the equivalence theorem under these modified boundary condi- 
tions, we discover that instead of (3.5) we would need a slightly different 
relationship, namely 


(Bl) += (Pysi(u)slQol2)Pr4a(e) —Ovea(@)] 
—Py+i(2)u[Qo(u)Pr41(u) — Qv4i(u)]} 


= = Cy .n (ut) { [Py41(2) Qn(2) — Pras) On 41(2)] 
—P»(0)[Pw+1(2) Qo(z) — Qv+1(2)]}. (N even) 


However, the proof of (3.5) given in Subsection 3.2 did not depend on whether 
or not V was odd or even, and for an even V both Py41(z) and the left side of 
(3.5) vanish for z = 0, while Qy+1(z) does not. Thus the coefficient accompany- 
ing Qy+1(z) on the right side of (3.5) should vanish for an even N for z = 0, i.e. 


N 


(B.2) Cy n(u)P,(0) = 0. (N even) 


= 
Then by eliminating Cy,o(#) between (B.2) and (3.5) we arrive precisely at 
the relationship (B.1). With this relationship thus established, the proof of 
the equivalence theorem proceeds exactly as in the case of an odd order approxi- 
mation. Consequently the starting formulae of Section 5 are equally valid 
whether V is odd or even. Now the only steps in the subsequent analysis, 
where the assumption of odd .V was used, were 

(a) in obtaining the formula (4.9), and 

(6) in the statement that the ratio of the integral appearing in (4.21) to 
that appearing in (4.20) is uniformly bounded for large p and all odd integer V. 

Consider first the latter point. The explicit expression for the integral is 


®x . ] wal Q@ 
: Pa itp ge oe nebueatase ee 
(B.3) J Eiw(r)e""dr = 5 ea 


where “, and a, are the ordinates and the coefficients in (V+1) point Gaussian 
quadrature formula. If V is even the ratio of (B.3) to 


f“Ex(r)e'ar = (i/p) log (1—ip) 
70 


is no longer bounded. But if we single out the contribution of the middle 
ordinate, r = \/2, the ratio of the sum of the contributions of the remaining 
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ordinates to (z/p) log (1—7p) is still bounded, while the contribution of the 
singled out middle ordinate is simply }ey /2, and the latter is known to be of 
order of 0(1/N). Thus if N is even, our previous estimate 


J "Riotiiten o(2 log ») (N odd) 
is replaced by 
(B.A) J " Eunle)eae = o(#)+0(4 log ») (N even) 
But one can readily see that this will not affect the ultimate result of the 


calculations. 
Turn now to the last remaining point where the assumption that V was 


odd, had been used, namely to the formula (4.9). If V is even, this is replaced 
by 

(BB) Qvsiésinh n) _ xi exp[—n(V+3/2)] ( +H) 
Pyyi(isinhn) 2. sinh{[(N+3/2)] 2N+5 


(V even) 
and consequently the first two terms in the braces in (4.23) are replaced by 


a j ” yexp(—y)dy f "cos #Nat6a _yexp(—y) 4, 
Jo 2 1—exp(—y ) 





(B.6) 1— exp(—y) 


The second term in (B.6) can be assessed much in the same way as the corres- 
ponding term in (4.23) while the evaluation of the first term gives —7*/6, 
as against +7°/12 we had in the case of odd .V. Thus the expression for 
(1/c—1/cy) in the case of an even N differs from that given by (4.24) merely 
by the appearance of an extra factor ‘‘—2’’; and similarly for the formulae 
(4.25), (4.31), and (5.6). The assessments derived for the odd and for the 
even orders of approximation can be readily combined, and the formula 


(4.31), say, then becomes 


= {3(—1)%+1}er” log (2N+3) 
(B.7 ) a-—-ay = 96 (W43/2) ¢ +0('2 GN+8))) 


and similarly for (4.24), (4.25), and (5.6). 
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MELTING TEMPERATURES OF KRYPTON, XENON, AND METHANE 
AT PRESSURES UP TO 3000 ATM 







J. C. StRyLanp, J. E. CRAWForD, AND M. A. MAsTooR 










A better understanding of the melting process might be obtained if more 
melting-line data of simple substances were available. Data for the heavier 
members of the rare-gas family, krypton and xenon, should be very useful 
because their monatomic molecules form uncomplicated crystals at tempera- 
tures where quantum effects are hardly noticeable. As well, completion of the 
melting-line data for all the rare gases will allow a full intercomparison for a 
group of substances for which the principle of corresponding states should 

































hold better than anywhere else. This principle in its different forms can then 
be tested and the magnitude of quantum effects determined. 


The purpose of this communication is merely to provide numerical facts. | 
Details of the experiment and results of further calculations will be published 
later. In addition to the melting lines of krypton and xenon, data were taken 
for methane, another spherical molecule although of a much more complicated 
character. The method of detecting freezing and melting was modified from 
Robinson’s moving-pellet technique (1954). The essential idea is more than 
a century old; Mousson (1858) detected the melting of ice under pressure by 
observing the release of an imbedded object. In our experiment a long narrow 
tube contained, besides the substance under investigation, a long thin rod i 
or plunger which could be lifted and dropped electromagnetically from outside 
and above the cryostat; the ensuing click was picked up by a microphone. 
Freezing immediately arrested the plunger and clicking would not be heard 
again until melting took place. 
Pressures produced in an oil system were maintained constant and measured 
with a Hart pressure balance, and were transmitted via a small oil-mercury- 
gas compressor. Temperatures were measured with a platinum thermometer 
in the fluid surrounding the pressure cell. 
Table I lists our observations. 
Table II gives the best-fitting values of the constants a and ¢ in Simon’s 
melting formula 


p/a = (T/T»)* — 1. 


The values used for 79, the triple-point temperature, are also listed. 
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TABLE I 


Melting points of krypton, xenon, and methane 














T(°K) 

P (atm) Kr Xe CH, 
126 — 165.2 - 
184 120.3 168.0 - 
271 122.7 171.4 - 
369 125.9 175.1 — 
485 129.4 179.4 
608 133.0 183.9 
702 135.3 187.3 — 
970 142.6 196.8 110.5 

1275 150.7 207.4 117.6 
1520 156.9 215.6 122.7 
1612 159.3 218.5 124.9 
1831 164.8 225.7 129.5 
2050 — 232.8 _— 
2060 170.6 233.0 134.1 
2182 173.2 237 .0 -- 
2405 178.7 243.9 140.8 
2692 185.5 252.8 146.4 
) cme 


2981 192.6 261 .2 





TABLE II 


Values of parameters in Simon's melting equation 
g eq 





Kr Xe CH, 
To(°K) 116 161] 89 
a(atm) 2970 3150 4000 


t 1.37 1.36 1.01 


Mousson, A. 1858. Poggendorff Ann. 105, 161. 
Ropinson, D. W. 1954. Proc. Roy. Soc. A, 225, 393. 
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ON JAMES’ TYPE OF WAVE FUNCTIONS FOR HYDROGEN 
MOLECULAR ION 


YATENDRA PAL VARSHNI? AND RAMESH CHANDRA SHUKLA 


INTRODUCTION 
Since the first valence bond treatment of hydrogen molecule ion by Pauling 
(1928), numerous wave functions have been suggested and examined for this 
simple system (for partial listing, see Kauzmann 1957). Usually these are of 


1Now at the Division of Pure Physics, National Research Council, Ottawa 2. 
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the form y = ¥(r,)+¥(r,). A different approach was made by James (1935), 
who proposed wave functions in terms of confocal elliptic co-ordinates: 


& = (rg+7,)/R and n = (fa—1»)/R 


where R is the distance between two nuclei. He considered the following two 
functions: 


(1a) 
and 
(2a) v = ae~"§(1+¢n?) 


where a is a normalizing factor and 6 and ¢ are constants. At 2 au (atomic 
units) function (la) gave a binding energy of 2.16 ev. Function (2a) gave an 
improved value of 2.772 ev. These are to be compared with the experimental 
value 2.788 ev. 

In the present note we have investigated the variation of b with R and 
have tried to improve function (2a) by adding terms of the type 7‘ and 7°. 
Due to computational difficulties we have restricted our calculations to one 
value of R = 2 au. The experimental value of R is also 2.00 au. James (1935) 
has also reported his results only at R = 2 au. The Hamiltonian for the system 





























in atomic units is: ) 
oa). 2s 
oe eee A ect 
(1b) heals: cae a ag | 
a ae | 
2V RE—2) R | 


By variation method 


(1c) E = fpHydr/fpdr. 
For function (la) & can be evaluated in closed analytical form by standard 
methods and we get 


1 | 6 b(6—2R) (1426) 


(Id) E=RtR 4546543 


Treating R as constant and minimizing E with respect to 0b, we get 


(1e) R= 40 +126'+12b°+30 _ 
8b°+126+3 

James (1935) has given 6 = 1.35 at R = 2 au. Equation (le) yields 6 = 1.334 

at R = 2 au which is in agreement with the results given by Dalgarno and 

Poots (1954). However, we have retained James’ value of 6 due to the fact 
that when 7? term is also included the value of b comes out to be very close 
to 1.35 (Bell and Long 1950). 

The calculated values of E and dissociation energy D, are shown in Table I. 







nna shetacntiiadinea 
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TABLE I 


All values are at R = 2 au. Conversion factor 1 au = 27.195 ev 
from Cohen, Crowe, and DuMond (1957) 

















Function E (au) D, (au) D, (ev) 

(la) —0.5796697 0.0796697 2.16662 

(2a) —0.6023805 0. 1023805 2.78424 

(3a) —0.6023995 0. 1023995 2.78475 

(4a) —0.6024023 0. 1024023 2.78483 
Bates, Ledsham, —0.60262 0.10262 2.7908 


and Stewart 
Experimental 


to 


. 7885 


James (1935) improved function (la) by adding a term in 7?: 
(2a) Y = ae~§(1+cn?). 


This function gives excellent results and has been used by a number of 


workers (Bell and Long 1950). 
Guillemin and Zener (1929) had taken 


(20) y = e7%a—BTb 1 e—BTa—ath 


(omitting normalizing constant). 
This may be put as (Condon and Morse 1929; Kauzmann 1957): 


(2c) y = e~7® cosh 6n 
where 
y = (a+ 8)(R/2) 


6 = (8—a)(R/2). 
The hyperbolic cosine term has the same effect as the factor (1+ cn?) in the 


James’ function (2a). 
Recently Cohen, Judd, and Riddell (1959) have investigated u-mesonic 


molecular ion with function (2c). 
Another similar function has been treated by Dalgarno and Poots (1954): 


(2d) y = e~a(Tat7b) 4. bf e-B7a + e—B7d} | 
They found 8 ~ 2a over a wide range of R (on p. 346 of their paper there is 
a misprint: a ~ 28). Thus this function is essentially equivalent to function 


(2a). 
For function (2a) also E can be obtained in closed form. Taking 6 = 1.35 
and c = 0.448 (James’ values) we get the results shown in Table I. 

We have attempted to extend James’ function by taking higher terms in 7’: 


(3a) vy = ae~§(1+cn?+dn'). 
For 6 and c the values were kept the same as in function (2a). E was mini- 


mized with respect to d. This led tod = 0.0144. Results are shown in Table I. 
There is seen to be an improvement of 0.00051 ev over function (2a). 


A further extension is 
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(4a) wv = ae~"§(1+cn?+dn'+en!). 


Values of b, c, and d were kept the same as in function (3a). E was found 
to be minimum at e = 0.00525. Results are recorded in Table I. 


DISCUSSION 


The values of D, as obtained by different functions have been summarized 
in Table I. Last digit in figures given in atomic units is uncertain. Best theo- 
retical results on H.*+ have been obtained by Bates, Ledsham, and Stewart 
(1953). Their value at R = 2 au is also shown. 

The experimental value was calculated from data given in Herzberg (1951). 


D. = Do+3w.—tw.x, 
= 2.7885 ev. 


James gives D, = 2.16 ev for function (la) and D, = 2.772 ev for function 
(2a). Our values are slightly different. The difference appears to be due to 
different conversion factors. 

It will be noticed that the improvements by the successive additions of 
terms 7‘ and 7° are small. This leads us to extrapolate that the improvement 
by adding higher terms 7%, 7°, etc. will not be appreciable. The value of D, 
by function (4a) remains smaller than the best theoretical value by 0.006 ev. 

Certain features regarding the behavior of these types of functions may 
be noted. The quantity (7,.+7,) or — has its minimum value along the straight 
line segment drawn between the two nuclei, and it is constant at all points 
along this line. Thus the function (1a) is constant and has its minimum value 
along the axis of the bond; obviously it will give the concentration of electrons 
in the bond a bit too high. Furthermore it does not lead to the correct wave 
function in the limit of large internuclear distances. 

The function (2a) improves upon (la) by a term which reduces the electron 
density symmetrically about the mid-point of the bond. Indeed the improve- 
ment is so much that for distances not too large this function is almost coinci- 
dent with the exact solution (Kauzmann 1957). The terms 7‘ and 7° contribute 
in the same way to the electron density as the 7? term. However, their contri- 
bution is rather small. 


The authors are thankful to Professor D. S. Kothari (Delhi University) 
for his kind interest in the work and to the Council of Scientific and Industrial 
Research (India) for the financial assistance. 
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LETTERS TO THE EDITOR 


Under this heading brief reports of important discoveries in physics may be published. These 
reports should not exceed 600 words and, for any issue, should be submitted not later than six weeks 
previous to the first day of the month of issue. No proof will be sent to the authors. 


Frequency Measurement of Standard Frequency Transmissions! 2 


Measurements are made at Ottawa, Canada, using N.R.C. caesium-beam frequency 


resonator as reference standard (with an assumed frequency of 9 192 631 770 c.p.s.). Frequency 


deviations from nominal are quoted in parts per 10, A negative sign indicates that the 


frequency is below nominal. 


GBR, 16 ke/s 








Date, Se ee 

August MSF, 6-hour 24-hour WWVB, 
1960 60 ke/s average* average 60 kc/s 

1 N.M. N.M. N.M. N.M. 

2 — 164 N.M. N.M. —157 

3 —157 — 159 —161 — 155 

4 — 164 — 165 — 162 N.M. 

5 N.M. — 165 N.M. N.M. 

6 N.M. N.M. N.M. N.M. 

7 — 162 N.M. N.M. N.M. 

8 — 163 — 162 — 161 —158 

9 — 163 —161 —161 — 156 

10 —165 — 160 — 162 — 157 

11 — 161 — 158 — 162 — 155 

12 — 163 — 163 — 162 — 155 

13 — 159 — 164 — 163 N.M. 

14 — 162 — 165 — 162 N.M. 

15 — 165 — 161 —161 — 157 

16 —161 — 163 — 165 — 156 

17 — 166 — 167 N.M. — 155 

18 — 166 N.M. N.M. — 156 

19 — 166 — 163 — 164 —154 

20 — 164 — 164 — 164 N.M. 

21 — 162 — 166 — 16% N.M. 

22 — 162 — 163 — 162 — 153 

23 — 161 — 162 — 16% — 153 

24 — 163 — 169 — 160 — 152 

25 — 162 — 161 — 162 —151 

26 —165 —162 — 160 —159 

27 — 162 — 161 — 162 N.M. 

28 N.M. — 159 N.M. N.M. 

29 — 158 N.M. N.M. — 152 

30 — 160 — 158 N.M. —151 

31 — 158 — 156 N.M. — 149 
Midmonthly — 162 — 162 — 162 — 154 

mean 
Midmonthly 
mean of WWV — 159 


Note: N.M. no measurement. 
*Time of observations: 01.00 to 04.00 and 10.00 to 13.00 U.T. 
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